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Abstract. We define the notion of fast finite-energy planes in the symplecti- 
zation of a closed 3-dimensional energy level M of contact type. We use them 
to construct special open book decompositions of M when the contact struc- 
ture is tight and induced by a (non-degenerate) dynamically convex contact 
form. The obtained open books have disk-like pages that are global surfaces 
of section for the Hamiltonian dynamics. Let S C be the boundary of a 
smooth, strictly convex, non-degenerate and bounded domain. We show that 
a necessary and sufficient condition for a closed Hamiltonian orbit P G S to 
be the boundary of a disk-like global surface of section for the Hamiltonian 
dynamics is that P is unknotted and has self-linking number —1. 
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1. Introduction 

We intend to give a systematic treatment to the procedure of constructing global 
surfaces of section for the Hamiltonian dynamics on strictly convex 3-dimensional 
energy levels. 

Definition 1.1. A global surface of section for a vector field A on a 3-manifold M 
is a compact embedded surface S ^ M satisfying: 

(1) A is transversal to E \ 9E and dY, consists of periodic orbits of X. 

(2) For every x € M\ 9E one finds sequences — ^ ±cxi such that (j)^± {x) € E. 
Here (pt denotes the flow of X. 
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In [I7| Hofer, Wysocki and Zehndcr studied the Hamiltonian dynamics on a 
bounded and strictly convex regular level S — H^^{1) C M*, where : M'' — > K is 
a smooth Hamiltonian. If z = ((71,^1,(72,^2) are coordinates in equipped with 
its canonical symplectic form 

(1) Wo = dqi A dpi + dq2 A dp2, 

then Hamilton's equations can be rewritten as 

where Xh is the so-called Hamiltonian vector field. It is uniquely determined by 

ixn^Q = d,H 

and its flow preserves level-sets of H. They consider the case when S — dK for 
some bounded, smooth and strictly convex domain K G W^. If G is some other 
Hamiltonian realizing S' as a regular energy level then KXg|s = MXjyIs, that is, 
Hamiltonian dynamics depends only on S and wq, up to time-reparametrization. 
This can be checked by inspection, or by noting that 

M.Xh{z) = [T^Sf" Vz e S, 

where {T^S)'^" {t; e M* : ujo{v,u) —0, Vu G T^S} is the WQ-symplectic orthogo- 
nal of TzS. The line bundle {TS)'^° is called the characteristic line field. 

The study of Hamiltonian dynamics on such strictly convex hypersurfaces is 
now a classical subject. In 1978 P. Rabinowitz [27] and A. Weinstein [33] proved 
existence of periodic orbits on these energy levels. In [17] Hofer, Wysocki and 
Zehnder proved the following remarkable result. 

Theorem 1.2 (Hofer, Wysocki and Zehnder). Let S C M* be a bounded, smooth 
and strictly convex hypersurface. Then S carries an unknotted periodic Hamilton- 
ian orbit Pq bounding a disk-like global surface of section V for the Hamiltonian 
dynamics. 

The Poincare return map to P preserves a smooth area-form, with total area 
JpWo < 00. Brower's translation theorem provides a second periodic orbit Pi, 
geometrically distinct of Pq . It corresponds to a fixed point of the first return map 
to T). One can, as described in 17 , apply results of J. Franks [6 on periodic points 
of area-preserving diffeomorphisms of the open annulus to obtain the following 
important corollary. 

Corollary 1.3 (Hofer, Wysocki and Zehnder). Hamiltonian dynamics on a bounded, 
smooth, strictly convex energy level inside has either 2 or 00-many periodic or- 
bits. 

Theorem 11.21 immediately prompts the following question: What are the neces- 
sary and sufficient conditions for a periodic Hamiltonian orbit to bound an embed- 
ded disk-like global surface of section? 

Our main result answers this question when S is non-degenerate, that is, when 1 
is not a transversal eigenvalue of the linearized Poincare return map of every closed 
orbit. This is a C°°-generic condition on S. Our answer is stated in terms of a 
certain contact-topological invariant, called the self-linking number, which we now 
describe. 
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A 1-form A on a 3-manifold M is a contact form if A A dA 7^ 0. The associated 
contact structure is the hyperplane distribution 

(2) ^ = kerA. 

A co-oriented contact 3-manifold is a pair (M, ^) such that ([2]) holds for some 
contact form A. We call A tight if ^ is a tight contact structure, see Subsection [331 
The associated Reeb vector field R is defined implicitly by 

(3) *i?dA = and ijiX = 1. 

Definition 1.4 (Self-linking Number). Let L C M be a knot transversal to ^, and 
let S ^ A/ be a Scifert sur face0 for L. Since the bundle ^js carries the symplectic 
bilinear form dA, there exists a smooth non- vanishing section Z of which can 
be used to slightly perturb L to another transversal knot — {exp^(eZ^) : x £ L\. 
Here exp is any exponential map. A choice of orientation for E induces orientations 
of L and of L^. The self-linking number is defined as the oriented intersection 
number 

(4) s?(L,E) • S G Z, 

where M is oriented by XAdX. It is independent of S when ci(^) S H'^{M) vanishes. 

Recall that wq has a special primitive Aq = 5 J2l=i Ikdpk — Pkdqk- We assume 
is in the bounded component if of \ S, so that Ao|s is a contact form. If R is 
the associated Reeb field on S then Mi? = RXjj. Our main result can be stated as 
follows. 

Theorem 1.5. Let S C R'^ be a non- degenerate, bounded, smooth and strictly 
convex hypersurface. A necessary and sufficient condition for a periodic Hamilton- 
ian orbit P G S to be the boundary of a disk-like global surface of section for the 
Hamiltonian dynamics is that P is unknotted and has self-linking number —1. 

Necessity is an easy computation, see Proposition 12.11 The assumption of S 
being non-degenerate is rather technical and will be removed in [20j . The reader 
acquainted with the work of Hofer, Wysocki and Zehnder will notice that it can be 
removed by arguments found in |17) . In |20) we shall also prove that a periodic orbit 
associated to any fixed point of Poincare's first return map to the global surface of 
section obtained from Theorem 11.21 has self-linking number — 1 . As a consequence, 
it also bounds a disk-like global surface of section. 

Sufficiency in Theorem 11.51 will follow from a more general result, which we 
now describe. Motivated by |T7|, we consider systems of global surfaces of section 
organized in the form of open book decompositions. 

Definition 1.6. An open book decomposition of an oriented 3-manifold M is a 
pair {L,p) where L is an oriented link in M, and p : M \ L ^ is a. fibration 
such that each fiber p~^(9) is the interior of an oriented compact embedded surface 
Se ^ M satisfying dSe = L (including orientations). L is called the binding and 
the fibers are called pages. It is said to be adapted to the dynamics of a vector 
field X if L consists of periodic orbits, X orients L positively, the pages are global 
surfaces of section and the orientation of M together with X induce the orientation 
of the pages. 



By a Seifert surface for L we mean an orientable embedded connected compact surface S ^ M 
such that L = 9S. 
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We are interested in constructing open book decompositions adapted to the dy- 
namics of Reeb vector fields. The study of this problem was initiated by Hofer, 
Wysocki and Zehnder in [TF, . Their proofs are based on the theory of pseudo- 
holomorphic curves in symplectizations, introduced by Hofer in [9^. In the construc- 
tions they use disk-filling methods, bubbling-off analysis and their own perturbation 
theory. This work is the first of three articles extending their results. 

Consider a contact form A on a closed 3- manifold AI. A periodic Reeb orbit will 
be denoted by P = {x, T), where a; : M — > M solves x = Rox and T > is a period. 
It is called simply covered when T is the minimal positive period oix, and unknotted 
if it is simply covered and x{M.) is the unknot. When E is a Seifert surface for the 
transverse knot x(R) we write sl{P, S) instead of sZ(a;(R), S). Since the Reeb flow </)( 
preserves A we have well-defined dA-symplectic maps d(f)t{x{to)) : S,x{to) ~^ £,\x(to+t)- 
The periodic orbit P is non-degenerate if 1 is not an eigenvalue of d(j)T{x{to))\^, 
Vto G M. When every P is non-degenerate one says A is non-degenerate. See 
Subsection 13.11 for a more precise discussion. 

There is an important invariant of the linearized dynamics along a periodic 
orbit originally introduced in ^3,, called the Conley-Zehnder index, which we now 
describe. Let Sp(n) be the symplectic linear group in dimension 2n, and denote 

J:* = {^e C°°([0, l],Sp{l)) : ip{0) = / and det [ip{l) - /] 7^ 0} . 

In |18| we find the following axiomatic characterization of the Conley- Zehnder index 
in the case n — 1. For other discussions on this topic see [35] or [55] . 

Theorem 1.7. There exists a unique surjective map fi : T,* ^ Z characterized by 
the following axioms: 

(1) Homotopy: If (ps is a homotopy of arcs in S* then ^{'^s) is constant. 

(2) Maslov index: //V : (K/Z,0) {Sp{l),I) is a loop and e S* then 
fJ^iipip) — 2Maslov{'ijj) + lJ-{(p). 

(3) Invertibility: If (p e Y,* and ip~^{t) := </3(i)~^ then fi {ip~^) — — Ai(</5). 

(4) Normalization: /i (i H> e*'^*) = 1. 

Let P — {x, T) be a non-degenerate periodic Reeb orbit and denote by the 
bundle — )■ R/Z, where xrit) — x{Tt). Consider the set Sp of homotopy classes 
of smooth dA-symplectic trivializations of ^p, and fix /3 e Sp. Any trivialization 
in class 13 can be used to represent the linear maps dcfirt ■ ^x{o} ~^ ^x{Tt) by some 
path if £ E*. We write ficz{P,l3) — By axiom (1) above this is independent 

of the particular trivialization in class /3. When P is contractible we shall say ci(^) 
vanishes along P if the 2-sphere obtained by gluing any two disk-maps spanning 
the map e*^'^* 1— > x{Tt) lies in the kernel of ci(^). In this case, there exists a special 
class l3p € Sp induced by some, and hence any, such disk-map. We can define 
IJ-cz{P) := fJ-cziP^Pp), see Subsection 13. II 

In [9] Hofer introduced special almost complex structures on the symplectization 
M X M and considered solutions of the associated Cauchy-Riemann equations in 
order to study the dynamics of Reeb vector fields. As a consequence of his ground- 
breaking work, the three-dimensional Weinstein Conjectur£0 was confirmed in many 
cases, including all contact forms on S^. We need to recall a few concepts from [9] 
in order to discuss our results. 



^In |31l C. Taubes proved the three-dimensional Weinstein Conjecture using Seiberg-Witten the- 
ory. 
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A complex structure J on is dA-compatible if dX(-, J-) is a metric on i^. We write 
dX\^) for the set of such complex structures. Following [9], every J e J^{£,, dX\^) 
induces an almost complex structure J on K. x Af by 

(5) J ■da = R and J\^ = J, 

where a denotes the M-component. A finite-energy plane is a J-holomorphic map 
u : (C, z) (M X M, J) with positive and finite Hofer energy, see Subsection 13.51 for 
the precise definitions. The following result is central in [TB], see also |15j . 

Theorem 1.8 (Hofer, Wysocki and Zehnder). Let X be a tight contact form on a 
closed 3-manifold M and assume ci (^) vanishes. Let Pq — (xq, Tq) be an unknotted 
non- degenerate closed Reeb orbit satisfying HcziPo) = 3 ^.i^d sI{Pq) = —1. Suppose 
every contractible orbit P = (x, T) with T < Tq is non- degenerate and satisfies 
ficziP) ^ 3. Then, for generic choice of J G J^{S^,dX\(^), there exists an embedded 
finite-energy J-holomorphic plane iio ^n- the sympelctization M x M asymptotic to 
Pq at oo. Lts projection onto M does not intersect Xq{^) and is only one page 
of an open book decomposition adapted to the Reeb dynamics. The binding is Pq 
and the pages are open disks. In particular, M = and ^ is its unique (up to 
contactmorphism) positive tight contact structure. 

As explained before, Brower's translation theorem and results of J. Franks from [6] 
provide an important corollary. 

Corollary 1.9 (Hofer, Wysocki and Zehnder). Under the assumptions of Theo- 
rem I j . (SI the Reeb dynamics has either 2 or oo-many periodic orbits. 

Here we shall define a class of pseudo-holomorphic curves suitable for this con- 
struction. They generalize the curves used in [15], [16] and [TT] . 

Definition 1.10. (Fast planes) A finite-energy plane u : C ^ M.x M is said to be 
fast if oo is a non-degenerate puncture, windoo(u) = 1 and cov(u) — 1. 

Let us briefly describe the invariants windoo and cov, originally introduced in [12] . 
If we write ii — {a, u) E M. x M and assume A is non-degenerate then the loops 1 1— )■ 
y(^g27r(s-hit)) converge to x{Tt + c) in C°°(E/Z, A/) as s ^ -i-oo, where P = {x,T) 
is some closed Reeb orbit and c G R. This follows from Theorem 13.91 below and 
the definition of non-degenerate punctures given in Subsection 13. 6( see [11] . In 
this case one says u is asymptotic to P. Condition cov(u) — 1 means that P is 
simply covered. The identity windoo (m) = 1 holds if, and only if, u : C M is an 
immersion transversal to the Reeb vector field, see Lemma 13.191 

The term "fast" used above alludes to the following alternative interpretation 
of the identity windoo (m) = 1- The map u is J-holomorphic. This means that 
can be thought as a gradient trajectory of the action functional 
converging to one of its critical points P. One has the corresponding Hessian Ap 
for the action at P, which is a self-adjoint operator on a suitable Hilbert space of 
sections of ^|p. Its spectrum is real, discrete, accumulates only at ±oo and consists 
of eigenvalues. It can be ordered according to the windings of the corresponding 
eigensections. All this is proved in [12j, see Subsection l4.1l Condition windoo (") = 1 
tells us that s w(e^'^(*+'*^) is a trajectory on the fastest piece of the stable 
manifold of P, keeping a "maximally weighted" Fredholm index of u > 1. This fast 
decay is the source of compactness properties of fast planes, as showed in Section|4| 
We are ready for our second statement. 
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Theorem 1.11. Let X be a tight contact form on a closed 3-manifold M . Assume 
the following holds for every contractihle periodic Reeb orbit P : 

(i) P is non-degenerate, 

(ii) Ci(^) vanishes along P and iJ-cziP) ^ 3. 

Let P — {x,T) be a simply covered periodic Reeb orbit. A necessary and sufficient 
condition for P to be the binding of an open book decomposition adapted to the Reeb 
dynamics with disk-like pages is that P is unknotted and sl{P,disk) = —1. When 
P fulfills these conditions then V Z > 1 there exists J G J^{£,, d\\^) and a C^-map 

u = (a,M) : 5^ X C ^ M X M 

satisfying: 

(1) Each uO&,-) is an embedded fast finite- energy J -holomorphic plane asymp- 
totic tE P- 

(2) m(i?,C) n x{R) Vi? e 51 and the map u : x C ^ M \ x{R) is an 
orientation preserving -diffeomorphism. 

(3) Each C) is a global surface of section for the Reeb flow. 

The self-linking number sl{P,disk) is computed using any embedded disk for 
the unknot x{M.), and is independent of this choice since ci(^) vanishes along P. 
Necessity is given by Proposition 12.11 Sufficiency in Theorem 11.51 follows from the 
above statement, since ker A0I5 is tight. The proof of sufficiency in Theorem 11.111 
can be found in Section[7l for a sketch see Subsection l2.5l Following Hofer, Wysocki 
and Zehnder, there is an important corollary. 

Corollary 1.12. Suppose M and A satisfy the conditions of of Theorem \l.ll\ If 

there exists an unknotted periodic Reeb orbit P with sl{P, disk) ~ —1 then M ~ , 
^ is contactomorphic to the positive tight contact structure on and the associated 
Reeb flow has either 2 or 00-many closed orbits. 

Organization of the article. In Section [2] we outline the proofs of Theorem 11.51 
and Theorem 11.111 In Subsection 12.11 we prove necessity in Theorem 11.111 The 
proof of sufficiency requires three analytical tools: compactness, perturbation the- 
ory and existence for fast planes. They are explained in Subsections 12 .2| [2731 and [2^ 
respectively. In Subsection 12.51 we outline the proof of sufficiency in Theorem 11.111 
and explain how Theorem 11.51 follows from Theorem II. Ill In Section[3]we recall the 
standard definitions from the theory of finite-energy surfaces in symplectizations. 
Section [4] is devoted to our compactness result, Theorem l2.2l In Section [5] we prove 
our existence result for fast planes. Theorem 12.41 In Section |6] we describe the 
perturbation theory. Theorem 12.31 where some technical lemmas are postponed to 
the Appendix. In Section [7] we prove sufficiency in Theorem 11.111 

Acknowledgements. We thank P. Albers, B. Bramham, D. Jane, J. Koiller, L. 
Macarini, A. Momin, C. Niche and C. Wendl for many helpful discussions, and 
P. Salomao for his unconditional support and all the mathematical help. We are 
particularly grateful to the referee for many suggestions that improved the article 
significantly. We would especially like to thank Professor H. Hofer for proposing 
such beautiful problems, for all his generosity, and for his mathematical advice 
during the years the author spent at the Courant Institute as a student. 
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2. Outline of main arguments 

In this section we prove necessity in theorems 1 1.51 and I I.IH and then outhne the 
proof of sufficiency. 

2.1. Proof of necessity in Theorem 11.111 

Proposition 2.1. Let X be a contact form on an oriented 3-manifold M satisfying 
XAdX > 0, and let R be the associated Reeb vector field. Suppose P is an unknotted 
periodic Reeb orbit. If there exists an embedded disk V C M satisfying dV = P and 
RRp n TpV = {0}, Vp G V, then sl{P,V) = -1. 

Proof. Let : D — ^ M be a smooth embedding such that T) :— (/3(D) satisfies 
dV = P and RRpHTpV = {0}, Vp S V. Here D C is the closed unit disk, which 
we equip with euchdean coordinates (x.y). We orient V so that X\q'd=p > 0, and 
assume (p is orientation preserving when D is equipped with its standard orientation. 
Orient ^ by dX\^ and Af by A A dX. Let tt : TM — )■ ^ denote the projection along 
Mi?. Since R is never tangent to T>, tt : TT) is an isomorphism. We claim it 

is orientation preserving. In fact, let a be a positive smooth area form on 2?, and 
let / : 2? — > M be defined by dX\Tv = /c. We know / does not vanish on T> since 
/(p) = <^ RRp C TpT). Our choice of orientation of T> gives 

[ dX= [ A > 0, 

Jv JdV 

implying / > on 2?. Fix p Cz T> and u, w G TpT> such that cr(u, v) > 0. Then 

dX{Tr ■ u,Tr ■ v) = dX{u, v) = f{p)(T{u, v) > 0, 

proving our claim. The bundle map tt ■ dtp : TD is orientation preserving 

since so are (p and tt : TT This will be important in what follows. Consider 

the smooth section W := tt ■ {xdxP + ydyip) of ^\t>. It does not vanish on dT = P. 
Let Z he a non- vanishing section of ^jp. Fix any exponential map exp on M and 
consider the transverse unknots 

Pf {expp(eZp) : p e P} and Pj^ := {expj,{eWp) : p E P} 

where < e ^ 1. Let J be any complex structure on the bundle such that 
dX{p){-, Jp-) is a positive inner-product on ^|p, Vp € P. This defines a unique non- 
vanishing smooth map f = u + iv : P ^ il \ {0} by Wp — u{p)Zp + v{p)JpZp, 
p £ P. Let k :— deg//|/|. Standard degree theory tells us that k is the algebraic 
count of zeros of on 2? and that P^ - T = Pf - T + k. Thus 

sl{P,T) = {P^ -T) -fc. 

Since T is transverse to M.R on T, the only zero of W is at the point ip{0). We 
now claim fc = 1. In fact, define J (tt • dip)* J. Then J is an almost complex 
structure on TD satisfying det Jp — 1, \/p £ I}. One finds a smooth path Jt of 
almost complex structures on TD satisfying det Jt\q — 1, V(i, q) G [0, 1] x D, Jq = i 
and Ji = J. Consider a disk Ds of radius < (5 <C 1 centered at the origin. On 
Ds there exists a non-vanishing section Y :— tt ■ dx^p of £\ip(^Ds)- When A and B 
are two non-vanishing sections of £,\ip(dDs) we write A ~ P if they are homotopic 
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through non- vanishing sections. We parametrize dDs hy 9 ^ Se^^'^^ , 6 € [0, 1], and 
note that 



TT • dif{5e'^'^") ■ exp( J27ri 



9 ^ exp(J|^(5e.2,«)27r6l) • tt • d(p{Se''^'''^) ■ i ^ 



= {9^ cxp(J|^(5,..,«)27r^^) • Yi^iSe^'-'))} 

Write W(^((5e*27re)) ^ a{9)Y{ip{6e''^'''^)) + b{9)J\^(^s^.2.o-^Y{(p{Se'^'''^)) and define 
h = a + ib. The above calculation shows that degh/\h\ — 1. It follows from 
standard degree theory that k = 1 since W has no zeros on D\ Ds- Now consider 
the normal derivative 9 e M/Z i-^ := dif{e^'^'^^) ■ e*^''^, and the map 

(9, t) e M/Z X [0, 1] (1 - t)7r • A + tA. 

It provides a smooth homotopy from the vector 9 H' W{(p{e'^'^^^)) to the vector 
9 I—)- A{9) through non-vanishing vectors. This shows Pj^ ■ V = and completes 
the proof that sl{P,V) ^ -I. □ 

2.2. Compactness. Since we deal with higher Conley-Zehnder indices, we need 
new compactness arguments replacing those given by Hofer, Wysocki and Zehnder, 
see [12], [15] and [16]. Loosely speaking, we shall prove that, under convexity 
assumptions on A, breaking of Morse trajectories for the action functional does not 
occur in families of unparametrized fast planes through a compact iJ C K x M. As 
an example, this will be the case for non-degenerate dynamically convex contact 
forms on S'^. 

Let A be a contact form on a closed 3-manifold M, and let P — {x, T) be a 
simply covered periodic Reeb orbit. Assume every contractible periodic Reeb orbit 
P ~ {x,T) with T < T is non-degenerate. Consider the set Ac of positive periods 
of contractible periodic Reeb trajectories and define = {t E Ac ■ t < k}. 
Following [18], we define 

71 = miny4,^, 72 = min {|ri - T2I : n ^ T2; n, r2 € Ac} 

and fix a number 

(6) < 7 < min{7i,72}. 

Recall the almost complex structure J ^ associated to some J G J^{£,,dX\(^). We 
fix a subset H cM. x M and define 

(7) e(i?,P,A, J) c C°°(C,K X M) 

by requiring that u € Q{H, P, X, J) if, and only if, m is a fast finite-energy J- 
holomorphic plane asymptotic to P, u{0) G H and Jf^\p u*dX = 7. We define 

(8) A{H,P,X,J)ce{H,P,X,J) 

by requiring that u G A{H, P, A, J) if, and only if, u G Q{H, P, X, J) is an embed- 
ding. Consider 

(9) e^{H,P,X,J) = {u= ia,u) G e{H,P,X,J) : infa(C) > -L} 

(10) A^{H,P,X,J) = {fi = (a,u) G A(i?,P, A, J) : inf a(C) > -L}. 
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for a given L > 0. When (A, J) are fixed we write &{H, P), A{H, P), &^{H, P) and 
A-^ P) for simplicity. Note that if P is not simply covered then all these sets of 
fast planes are empty. Our compactness result is as follows. 

Theorem 2.2. Let X be a contact form on a closed 3-manifold M, P — {x,T) be 
a periodic Reeb orbit and H gM.x M be compact. Suppose the following properties 
hold for every contractible periodic Reeb orbit P — {x,T) with T < T: 

(i) P is non-degenerate, 

(ii) ci(^) vanishes along P and ^cz{P) ^ 3. 

Then the following assertions are true: 

(1) Q^{H,P) and A^{H,P) are compact in C^^{C,R x M). 

(2) e(iJ, P) and A{H, P) are compact in C;^^(C, RxM) ifHn (R x x{R)) = 0. 

The above theorem can be rephrased in the terminology of Symplectic Field 
Theory (SFT) originally introduced by Eliashberg, Givental and Hofer in [4]. A 
plane in &{H, P) is a stable connected smooth holomorphic curve, in the sense 
of [5]. The SFT Compactness Theorem [2] describes the compactification of 
the set of such curves with a priori bounds on energy and genus. It generalizes the 
notion of Gromov convergence of pseudo-holomorphic curves in closed symplectic 
manifolds [8] to, for example, the non-compact setting of symplectizations. The no- 
tion of a stable curve, adapted in [2] to symplectic cobordisms, was first introduced 
by Kontsevich in [23 • More general than a stable connected smooth holomorphic 
curve is a holomorphic building of height 1, which is a finite energy map defined 
on the components of a (not necessarily stable) nodal Riemann surface, plus com- 
patibility conditions. These are not enough to compactify the set of smooth curves 
and one needs to introduce higher buildings. 

In our situation, the possible limiting holomorphic buildings of a sequence of fast 
planes can be described as a rooted graph, the vertices of which represent stable 
connected smooth holomorphic curves. An edge represents a closed Reeb orbit 
which is a common limit of the curves at the corresponding vertices. This is always 
the case when dealing with curves of genus with one positive puncture. The edges 
can be oriented as going away from the root, and this divides the graph into levels, 
these being the levels of the holomorphic building as described in [2]. The proof 
of Theorem 12.21 consists of showing this graph has exactly one vertex. In order to 
accomplish this we only need to analyze the root, more precisely, we shall prove 
that the convexity assumptions on A will discard outgoing edges. 

As a final remark, assertions (1) and (2) of Theorem l2. 21 about the sets A^(7J, P) 
and A(i?, P) follow independently from Theorem 4 of [31], we explain. The elegant 
analysis of Wendl can be applied to embedded fast planes. In view of Theorem l2.3[ 
these are examples of "nicely embedded" curves in the sense of [34] which, in the 
symplectization M x M , are holomorphic curves with embedded projections onto 
M . With the appropriate asymptotic constraint on the orbit P, a fast plane has a 
vanishing "constrained" normal first Chern number, so that the limiting holomor- 
phic building of a sequence of embedded fast planes is either smooth or one of its 
levels contains a plane with /Lt- index equal to 2. But these do not exist under our 
crucial additional assumption that A is dynamically convex. However, the results 
of [34] do not cover the corresponding statements made in Theorem 12.21 about the 
sets Q^{H,P) and <d{H,P), even when A is dynamically convex. 
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A proof using the SFT-Compactness Theorem or the results of [34] directly 
would make the exposition non-elementary and highly not self-contained, forcing 
the introduction of a large amount of notation, and making this work less accessible 
to a wider public. 

Also, we would like to emphasize that our arguments are independent of any 
transversality assumptions. 

2.3. Fredholm theory. The second analytical tool for proving Theorem 1 1.1 II is a 
perturbation theory. Embedded fast planes are always regular in a suitably defined 
index-2 Fredholm theory with exponential weights. 

Theorem 2.3. Let A be any contact form on a 3-manifold M and ^ = ker A be the 
associated contact structure. Fix any J G J^{S,,dX\^) and suppose u — (a, it) is an 
embedded fast finite- energy J -holomorphic plane asymptotic to aperiodic Reeb orbit 
P = (xo,To) at oo. If ^Ji{u) > 3 then u{C)r\xo{R) = and m : C M\xo{M.) 
is a smooth proper embedding. Moreover, for any I > 1 there exists an open ball 
Br{0) C and a C' embedding / : C x S,.(0) — > M x M satisfying: 

(1) fiz,0) = uiz). 

(2) // |t| < r then f{-,T) is an embedded fast finite-energy plane m M x M 
asymptotic to P satisfying fi(f(-,T)) = /z. 

(3) Fix To G Br{0) and let {iin} be a sequence of embedded fast finite-energy 
planes asymptotic to P satisfying Un fi'^To) in Cj^^ and ^(un) = M Vn. 
Then there exist sequences t„ — >■ tq, An — >■ 1 and Bn — > such that 

f{A„z -f B„, T„) = u„(z) Vz e C, n > 1. 

In view of definitions 11.101 and 13.111 the map u : C M provides a capping disk 
for Pq, singling out a homotopy class /Su G Sp„ defined by the following property: 
a dA-symplectic trivialization ^' of ^p^ extends to u*^ if, and only if, it is in class 
Pu. In the above statement ^(u) = ^lcz(,Po^ Pu)- 

Note that Pq is not assumed non-degenerate, instead we assume the planes have 
non-degenerate asymptotic behavior in the sense of Definition 13.111 This allows 
us to handle arbitrary contact forms on 5*^, see [20]. We also emphasize that no 
assumptions on A, like being Morse-Bott, are made. This justifies Theorem 12.31 

A degenerate Fredholm theory as described above was only hinted at in [17] . The 
above statement does not follow from the results of [13] but, of course, its proof 
follows their arguments closely. We refer the reader to Section |6] for the proof. 

2.4. Existence of fast finite-energy planes. We shall prove the following ex- 
istence result of fast planes. It partially generalizes the existence statement in 
Theorem 11.81 since it deals with higher Conley-Zehnder indices. 

Theorem 2.4. Let X be a tight contact form on a closed S-manifold M such that 
the following properties hold for every contractible Reeb orbit P: 

(i) P is non-degenerate, 

(ii) Ci(^) vanishes along P and fJ.cz{P) > 3. 

Suppose P is an unknotted periodic Reeb orbit satisfying sl[P,disk) = —1. Then, 
for a suitable dX-compatible complex structure J : f — >■ ^, there exists an embedded 
fast finite- energy J -holomorphic plane asymptotic to P at oo. 
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As before, the integer sl(P, disk) denotes the self-lmkmg number computed with 
respect to any embedded disk spanning the unknot a;(R). It is independent of this 
disk since ci(^) vanishes along P. 

The general idea of the proof is standard, see [16]. Since P is unknotted and 
sl{P) = — 1 we can find, using arguments of Giroux [7] and Hofer [9], an embed- 
ded disk F ^ M spanning P (including orientations) such that its characteristic 
foliation has exactly one positive elliptic singularity e d F with real eigenvalues. 
Denote F* = F\ {e}. The surface {0} x i^* M x M is totally real with re- 
spect to J and there exists a so-called Bishop family emanating from (0, e). It is 
a one-dimensional family of unparametrized embedded J-holomorphic disks with 
boundary on {0} x F* . This family was discovered by E. Bishop in [T] and used 
by Hofer in in order to establish the Weinstein Conjecture in and in many 
other closed 3-manifolds. It should be noted that disk-filling methods were also 
used in [8 and in [5] in order to show that symplectically flUable contact structures 
are tight. 

Each connected component of the Bishop family is an open interval. At one end 
the family converges to the constant (0,e). At the other end bubbling-off occurs 
and one can prove, using the convexity assumptions on A, that bubbling-off does 
not happen before the disks reach the boundary dF = P. As a result of this 
bubbling-oflt analysis we have, in the language of Symplectic Field Theory (see [2J ) , 
a holomorphic building with height k > 2. Each level is a collection of smooth 
finite-energy surfaces in R x M. The first level is a half trivial cylinder over P and 
the curves on other levels have no boundary. All this is proved in |16j . 

Now we need to introduce new arguments. In |16) the authors use the fact that 
the /Lt-index of the orbit in question is 3. They heavily rely on the compactness 
argument explained in [12] to conclude that the second level of the stable curve 
consists of a single plane, hence there are no more levels. This is in great contrast 
with our situation since we allow ^cz{P) ^ 3. We overcome this difficulty by 
slightly perturbing the boundary condition F in order to ensure there are no Reeb 
tangencies near its boundary (of course the Reeb vector is tangent at the boundary 
since it is a Reeb orbit). This allows us to reach the same conclusions as in jl6j : 
k — 2 and the second level is a single plane asymptotic to P. Also, this plane is 
embedded and fast. 

2.5. Proofs of Theorems 11.51 and II. Ill Necessity in Theorem 11.111 follows from 
Proposition 12. II We now turn to sufficiency. We construct the desired open book 
decomposition as a consequence of compactness properties of families of fast planes. 
Recall the families A(iJ, P) in ([8|) and define 

(11) AkiH,P):^{veA{H,P):^{v)=k}. 

One easily checks that Kk{H,P) is C;^^-closed, Vfc. Thus, each Ak{H,P) is C^^- 
compact whenever A{H,P) is Cj'^^-compact. In Section [7] we prove 

Theorem 2.5. Let X be a non- degenerate contact form on the closed S-manifold M 
and let J be the almost complex structure onRx M defined by equations (0). Sup- 
pose there exists an embedded fast J-holomorphic finite-energy plane uq asymptotic 
to P ^ {x, T) with /J,{uo) — k > 3. We also suppose that the set of planes Ak{H, P) 
is Cf^^- compact for every compact subset H d M satisfying _ff H (R x a:(R)) = 0. 
Then for every I > 1 there exists a C' map u — {a,u) : x C ^ x M with the 
following properties: 
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(1) •) is an embedded fast finite- energy plane asymptotic to P at (the pos- 
itive puncture) go satisfying ^(uij), •)) — k, Vi9 G . 

(2) u{^,C) n x{R) = V?? e 5'! and the map u : x C M \ x{R) is an 
orientation preserving -diffeomorphism. 

(3) Each u{'d, C) is a smooth global surface of section for the Reeb dynamics. 

The purpose of the above statement is to isolate the compactness properties 
of fast planes which allow us to construct the desired open book decompositions. 
Here these compactness properties follow from convexity assumptions on A, see 
Theorem 12.21 In |2l| we shall prove that the assumptions of Theorem 12.51 hold 
under much less restrictive assumptions on A, allowing us to investigate general 
Reeb flows on the tight 3-sphere. 

Let us assume the hypotheses of Theorem 11.111 If P is an unknotted, simply 
covered, periodic Reeb orbit satisfying sl{P) = —1 then Theorem 12.41 provides 
an embedded fast finite-energy plane uq asymptotic to P at oo. Theorem 12.21 now 
shows that the hypotheses of Theorem 12 . 5 1 hold . Theorem 11.111 follows immediately. 

Before proving Theorem 1 1.5 1 we briefly outline the proof of Theorem [23] for con- 
venience of the reader. Suppose M, A and uq satisfy the hypotheses of Theorem l2.5l 
If we write uq = (ao,wo) € M x M then it follows from lemmas [6.22[ 16.251 and I^TMl 
below that uq is a proper embedding into M \ x{R). The identity windoo(uo) = 1 
proves uo(C) is transverse to the Reeb vector field. By Theorem 12. 3[ uq is only 
one embedded fast plane in a small 2-parameter family. Let pq = uo(0) € M and 
assume, without loss of generality, that ao(0) = 0. Denoting by 0t the Reeb flow, 
we can single out a one-dimensional subfamily {-u* = (a*,u*)} by requiring 

u\0) ^ (f)t{po), a*(0)=0 and u" = wq- 

The family of embedded planes {w*(C)} inside Af \a;(R) provides a smooth foliation 
of a neighborhood of wo(C). Using the compactness assumptions we continue the 
family ut for all values t g M, satisfying the above normalization conditions. By 
Poincare recurrence we could have assumed, without loss of generality, that po G 
w-limit(po)- Then the trajectory (f>tipa) will eventually come close to pq. The 
completeness statement in Theorem 12. 31 can be used to show that the family u* can 
be glued to provide a 5'^-family. It foliates the whole of M \ x(R). This S'^-family 
can be made minimal if we require 

{t, z)eS^ xC^ u\z) e M\ x{R) 

is a diffeomorphism. This provides an open book decomposition with disk-like 
pages that are transverse to the Reeb field. To prove the pages are global surfaces 
of section, fix go S M \ x(K). If x(R) n (jj-\imit{qo) = then (f>t{qo) hits every page 
in forward time, by an easy compactness argument. If x{M.) D cj-limit((7o) then 
the condition ficziP) ^ 3 makes the flow wind around for long enough times, 
forcing it to hit every page. This is proved in Section 5 of [T7] , see Lemma 16.91 
below. The argument is the same for negative times. This concludes the proof of 
Theorem 12.51 

Theorem 11.51 follows easily from Theorem 11.111 and from the following result 
from [17]. 
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Theorem 2.6 (Hofer, Wysocki and Zehnder). // S* C is the boundary of a 
bounded, smooth, strictly convex domain containing then Xo\s is dynamically con- 
vex, that is, jicz [P) > 3 for every periodic orbit of the Reeb vector field associated 
to the contact form \o\s- 

The arguments are immediate in view of a famous result of Bennequin asserting 
that ^0 = ker Ao|s C TS is a tight contact structure. 

3. Basic definitions and facts 

Unless otherwise stated, M denotes a closed 3-manifold, A e ri^(M) is a contact 
form and ^ = ker A is the induced contact structure. 

3.1. Periodic Reeb orbits and winding numbers. We shall identify a periodic 

Reeb orbit P = {x,T) with the class in C'^{S\M)/S^ of the loop 

t e M/Z ~ S"^ 1-^ XT{t) x(Tt). 

Here we let act on the loop space by rotations on the domain. Hence, we view the 
collection V of periodic Reeb orbits as a subset of C°° {S^ , M) / . The geometrical 
image of P = {x,T) £ V is the set x{M.) and P' = {x',T') is geometrically distinct 
of P if x{R) n a;'(M) = 0. We shall agree with the following convention: for every 
periodic Reeb orbit we select a point in its geometrical image, and it will be implicit 
from the notation P = {x, T) that a;(0) is the chosen point. 

Definition 3.1. Consider a contractible periodic orbit P = (.r,T) and two contin- 
uous disk-maps /i , /2 : ID — >■ M spanning xt, that is, fj{e^^^'') = x{Tt), j = 1,2. 
We can define the map /i#/2 : 5^ = C U {oo} ^ M by 

' h{z) if \z\ < 1 
z ^ I f2{l/z) if 1 < 1^1 < 00 

/2(0) if^ = 0O 

We say that ci(^) vanishes along P if ci((/i#/2)*^) = for every pair /i,/2 as 
above. Wc denote by V* the set of contractible orbits with this property. 

Clearly all contractible periodic Reeb orbits belong to V* if ci(^) vanishes. 

Notation 3.2 (Winding Numbers). Let {E,J) be a complex line bundle over S^. 
If A and B are two non- vanishing sections then A = fB for unique f : ^ C\{0}, 
identifying i with J. Wc denote wind(^, B, J) = dcg //|/| € Z. More loosely, we 
write wind(/) = wind(/, l,i) = deg//|/| if / : 5*^ — >■ C \ {0} is continuous. This 
winding count does not depend on the homotopy classes (of non- vanishing sections) 
of A or B, nor docs it depend on the homotopy class (of complex multiplications) 
of J. If we fix classes a and j3 and sections A^ a and B G (3 then expressions like 
wind(a, 13, J) or wind(^, /3, J) have obvious meaning. 

Remark 3.3. Given P gV, recall the set <Sp of homotopy classes of dA-symplectic 

trivializations of ^p. One can identify Sp with the set of homotopy classes of non- 
vanishing sections of in a straightforward way. In the following we shall always 
assume this is done. Consequently, if P = {x, T) e V* then a section Z is in the 
special class /3p discussed in the introduction if, and only if, for some (and hence 
any) continuous map / : D — )• M satisfying /(e*^"^*) = x{Tt) the section Z extends 
to a non-vanishing section of f*^. 
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The following lemma, which is a trivial consequence of standard degree theory, 
will be stated without proof. 

Lemma 3.4. Suppose P — {x,T) e V* and U is a small tubular neighborhood 
0/ in M. Let Z be a non-vanishing section oj S\u such that x^Z g jip. If 
f ■.'O ^ M is a continuous map such that /(9D) C U andt 1— >■ /(e*^^*) is homotopic 
to XT in U then {f\do)*Z extends to a non-vanishing section of f*£^. 

3.2. Special coordinates. Consider a periodic Reeb orbit P — {xq^Tq) £ V with 
minimal period < Tmin < 21). Set k := To/Tmin G 

Definition 3.5 (Martinet Tube). Let M/Z x be equipped with coordinates 
(9, X, y) and set Aq '■— d9-\-xdy. A Martinet Tube around P is an open neighborhood 
U of a;o(]R), an open ball _B C centered at 0, and a diffeomorphism 



Remark 3.6. There always exists a Martinet tube around any P, as noted in 
The bundle is framed by dx and —xde + dy. Setting ei = f^^^^dx and 62 = 
f~^/'^{—xde + dy) then {61,62} is c?A-symplectic. The homotopy class (of non- 
vanishing sections of CIp™;,,) induced by t e M/Z 1— dx\(t.[)) can be arbitrarily 
chosen. Note that ^'-^(/ct, 0, 0) = xoTo(i) Vt e . 

3.3. Dynamical Convexity. Here we shall modify slightly an important defini- 
tion from [17] . 

Definition 3.7. A contact form A is dynamically convex if ficz{P) > 3 VP E V*. 

3.4. Tight contact structures. The contact structure ^ is said to be tight if there 
are no overtwisted disks in AI . An embedded disk _F C M is overtwisted if dF is a 
Legendrian knot and TxF 7^ ^\x, Vx e In other words, there are no legendrian 
unknots with a trivial Thurston-Bennequin invariant, see [32) . 

3.5. Finite-energy surfaces in symplectizations. In 1985 pseudo-holomorphic 
curves were introduced in symplcctic geometry by M. Gromov [8 . In 1993 they were 
used by H. Hofer to study Reeb flows on contact manifolds. Let (S, j) be a Riemann 
surface, possibly with non-empty boundary and not necessarily compact, and F C 
S \ 9S be a finite subset. The notion of finite-energy surfaces was introduced by 
H. Hofer in [9]. 

Definition 3.8. (Finite-energy surfaces) A map {t : (S \ F,j') — > (R x M,J) is 
called a finite energy surface if it is pseudo-holomorphic, that is, it satisfies the 
non-linear Cauchy-Riemann equations 

(13) duo j = J o du 

and also the energy condition < E{u) < -\-oo. The energy E{u) is defined as 
follows. Set A :={</) e C°°(R, [0, 1]) : 0' > 0} and lu^ = dX^ where A^ £ n\Rx M) 
is given by X^{a,p) — 0(a)A(p). Finally define 
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It follows from ([T3l) that each integral above is non-negative. When S = S*^ and 
= 1 we call u a finite-energy plane. 

Let us write u = (a, m) e M x A/. The points of F are called punctures. Let us 
fix a puncture z G T and let ip : {U, 0) — )■ {(p{U), z) be a holomorphic chart of 
centered at z. Write u{s,t) = uo ip (^e~^'^(''+**)) . It follows easily from E{u) < oo 
that the limit 

(14) m = lim / u*X 

exists. The puncture z is removable if m = 0, positive if m > and negative if 
TO < 0. A removable singularity can actually be removed, meaning that u can be 
smoothly continued across the singularity, see [9] . If E is closed then a finite-energy 
surface must have non-removable punctures because the forms lo^ are exact. 

Finite-energy surfaces are closely related to periodic Reeb orbits. This is the 
content of the following fundamental result from [9]. 

Theorem 3.9 (H. Hofer). In the notation explained above, suppose z is non- 
removable and let e = ±1 he the sign of m in |_?^[ ). Then every sequence s„ — > +oo 
has a subsequence Sn,. such that the following holds: there exists a real number c 
and a periodic Reeb orbit P = {x,T) such that u{snkit) x{eTt + c) in C°^{S^,M) 
as k ^ +00. 

In his seminal work [9 H. Hofer is able to partially solve the three-dimensional 
Weinstein conjecture using techniques of pseudo-holomorphic curves. 

Remark 3.10. R x ill carries a R-action given by translating the first coordinate 
and J is R-invariant. If u = (a, u) is a finite-energy surface then so is c-u :— (a-f c, u). 

3.6. Asymptotic behavior near the punctures. Let tt : TM — )■ ^ denote the 
projection along the Reeb direction. 

Definition 3.11. Let {S,j), F and u be as in Definition 13.81 Fix a non-removable 
puncture z S F, choose a holomorphic chart ip : {U,0) {ip{U),z) centered at z 
and write u{s,t) = {a{s,t),u{s,t)) = uo (p(e"2''(''+''*)) for s > 1. Define m by ([M]) 
and let e = ±1 be its sign. We say that z is a non-degenerate puncture of u if 
there exists a periodic Reeb orbit P = (x, T) and constants c, d G R such that 

(1) supjg^i |a(s, t) — eTs — dj — > as s — > +oo. 

(2) m(s, t) x{eTt + c) in C°{S\M) as s ^ +oo. 

(3) li n ■ du does not vanish identically over S \ T then tt ■ du(s, t) ^ when s 
is large enough. 

(4) If we define C{s,t) by u{s,t) = exp^^^j^j^^^ C(s, t) then 3b > such that 
sup^ggi e^^ \({s,t) \ — as s — +oo. 

In this case we say u is asymptotic to P at z. The puncture z is positive or negative 
according to the sign e. This definition is independent of ip and of the exponential 
map exp. 

Definition 3.12. We say that u has non-degenerate asymptotic behavior at z if 
z is a non-degenerate puncture, and that u has non-degenerate asymptotics if this 
holds for every puncture. 

The behavior of u near a puncture is studied in [11] . Here is a partial result. 
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Theorem 3.13 (Hofcr, Wysocki and Zehnder). Let u, z and (p be as in Theo- 
rem \3.9\ If a Reeb orbit P obtained by Theorem \3.S\ is non- degenerate then u has 
non- degenerate asymptotic behavior at z. In particular, u is asymptotic to P at z. 

3.7. Algebraic invariants. In [T^] a number of algebraic invariants of finite- 
energy surfaces were introduced. In the next two definitions we fix a finite-energy 
plane w : C = 5^ \ {oo} R x M with non-degenerate asymptotics and consider 
its asymptotic limit P — {x,T) at oo. 

Definition 3.14 (Covering Number). We define cov(-u) := T/Tmin G where 
Tmin > is the minimal period of x. 

Definition 3.15 (/i-index for planes). Writing u = {a, u) then u provides a capping 
disk for P and induces a class f3u G Sp. Define ^{u) = /icz(-P, /?«)■ 

Let u and v be finite-energy planes with the same asymptotic limit P. The 
identity ^{u) = ^(v) + 2wind(/3i}, J) proves that Pu — Pv <^ /i(u) = m(^)- 

Remark 3.16. If u = (a, u) defined on (S", j) is a J-holomorphic map then tt • du 
satisfies the "perturbed" Cauchy-Riemann equation tt • du o j = J o tt • du. By the 
similarity principle, see [26], it ■ du = Q an. connected components of S where the 
zero set of tt • du has a limit point. 

For the next two definitions we fix a closed Riemann surface (5],j), a finite set 
r C S and a finite-energy surface u = (a, u) : (S \ T, j) — )■ (R x M, J) with non- 
degenerate asymptotics. We assume that n-du does not vanish identically and that 
r consists of non-removable punctures. 

Definition 3.17 (windoo). Split V = r+ U T~ where r+ is the set of positive 
punctures and T~ is the set of negative punctures. The bundle u*^ is trivializable 
since F 7^ 0. Let a be a homotopy class of non-vanishing sections of u*^. Choose a 
non- vanishing section a in class a and write u(s, t) around a puncture z G F as in 
Definition 13.111 If e = ±1 is the sign of z then define 



where cr(s,t) = <y{'-p{e ^^rCs+it)))^ xhe invariant windoo(u) is defined in by 



Each windoo (u, a, z) depends on the choice of a but is independent of ^p. By 
standard degree theory windoo (u) is independent of a. 

Definition 3.18 (wind^). The bundle £ — H omc{T {Y,\T) ^ u* ^) is a complex line 
bundle and the section tt • du satisfies a perturbed Cauchy-Ricmann equation, see 
Remark 13. 161 Thus its zeros are isolated and count positively when computing the 
intersection number with the zero section oi £. As a consequence of Definition l3.11l 
the number of zeros is finite. Following [12) we define 

(15) winder (u) = algebraic count of zeros of tt • du 

where the zeros are counted with multiplicities. The inequality winder (?i) > can 
be seen as a linearized version of positivity of self-intersections. 

The Gauss-Bonet formula proves the following lemma, as shown in [12]. 



windoo (u, a, z) 



lim wind(< H> TrUs{s, tt),t ^ a{s, et), J) 
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Lemma 3.19. windoc{u) — ■win<jLn{u) — #r + x(S). 

Remark 3.20. tt • du does not vanish identically if u is a finite-energy plane with 
non-degenerate asymptotics, this follows from results of [12] (see Lemma llTSl below') . 
In this case windoo(u) > 1- 

4. Compactness 

This section is devoted to the proof of Theorem 12.21 We fix the riemannian 
metric 17° on R x M given by 

(16) ^ da® da + \® \ + dX{-,J-) 

where J : ^ — ?> ^ is dA-compatible. All norms of maps or objects in R x M are taken 
with respect to the metric . 

4.1. Asymptotic operators and their spectral properties. We endow R-^ 
with its standard cuclidcan structure (•,•), inducing a Hilbert space structure on 
L^{S^,M?). Hip : [0,1] ^ Sp(l) is a smooth path and 5 := -JoV^V^^ then S*^ = S. 
We identify — R/Z and consider the unbounded self-adjoint operator 

Ls -.W^^^ <Z ^ L^, Ls{e) ^ -Joe- Se. 

Ls has compact resolvent and discrete real spectrum a{Ls) accumulating only at 
±00. Each point of the spectrum is an eigenvalue with the same (finite) algebraic 
and geometric multiplicities, see [22]. This is so because Ls is homotopic to —Jodt 
through compact symmetric perturbations. See |12| for more details. 

If ip{0) = / then (/9 e S* if, and only if, ^ cr{Ls). For any (5 G R denote by 
Vg"^^ < 5 and Vg"^ > S the special eigenvalues 

^pos _ j^jj^jj^ ^ cr{Ls) : v > S}, Vg'^^ — max{i/ G cr{Ls) : v < S}. 

To each non-zero eigenvector e of Ls one can consider the winding number wind(e). 
It is proved in [T^ that: 

(1) If 61,62 are two non-zero eigenvectors of Ls such that LsCj — vcj for 
j — 1,2 then wind(6i) = wind(62). 

(2) If Ls^j — VjCj for i — 1,2 and vi < V2 then wind(ei) < wind(e2). 

Thus one has a well-defined winding wind(z^) associated to an eigenvalue v of Ls 
satisfying v\ < vi ^ wind(:^i) < wind(i^2)- It is also proved in [12j that for every 
k G Z there are exactly two eigenvalues (counting multiplicities) with winding equal 
to k. Following [O], we have a well-defined integer 

(17) A' (Ls) = 2wind(^D + i (1 + (-1)"^ 

where bs is the number of eigenvalues v < S such that wind(i^) — wind(i^^"^^), 
counting multiplicities. 

Lemma 4.1 (Hofer, Wysocki and Zehnder). p!^ : cp E T,* 1-^ fi-^if) G ^ satisfies 
the axioms of Theorem \L7\ 

Remark 4.2. The above lemma provides an extension of the index to symplectic 
paths ip that arc not in S*. By the spectral properties of L5, if S is not an eigenvalue 
then the term 5 (l + (—1)'''') is equal to wind {i^g°^) — wind {I'g''^^)- 
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Definition 4.3 (Asymptotic operators). Fix a dA-compatible complex structure J 
on ^ and let P = (.t, T) be a periodic Reeb orbit. Then the metric (iA(-, J-) induces 
a Hilbert space structure on (^|p)- Choose a symmetric connection V on TM. 
The unbounded self-adjoint operator 

Ap:W'-^ (e|p)cL2 (^|p)^£2 (^1^) 
ri ^ -J^iT] + TJ\7^R 

is independent of V (Vt denotes the covariant derivative along the curve 1 1-^ XT{t)). 
Ap is the so-called asymptotic operator at P. 

The linear flow generated by Vt?7 = TS/j^R is d(f)Tt\x{o) restricted to ^. Choose 
a rfA-symplectic frame a = {61,62} for £\p, represent the linear maps d4>Tt\x(o) 
by a smooth path ip : [0,1] Sp(l), <p(0) = /, and the multiplication x^J by a 
smooth path t i->- J{t). Then J{t) S Sp(l) and —JoJ{t) is a positive symmetric 
matrix. The matrix S = —J{t)(p'ip~^ is symmetric with respect to the inner-product 
(•,— JoJ(t)-) on and 1-periodic (since so is (p'ip~^). The operator 

(18) Ls : e{t) ^ -J{t)e'{t) - S{t)e{t) 

represents Ap in the frame a. If a is {dX, J)-unitary ((iA(6i, 62) = 1 and Jei = 62), 
then Ap is presented as Ls = —Jodt — S{t) with = S. Thus Ap has all the 
spectral properties explained before. 

Notation 4.4. With respect to a symplcctic frame a = {61,62} for £,\p the 
eigenvectors and eigenvalues of Ap have well-defined winding numbers. These, 
of course, depend on the homotopy class /3 € Sp of the section t 1— > ei(t) and 
will be denoted by {1^, /3) E Z. They are comparable via the formula (i^, /3i) = 
(:/, /3o) + wind(/3o,/3i, J)- For any (5 e K we define 

MSz(J',^) = 2(i^r'/3) + ^(l + (-l^) 

where bs is the number of eigenvalues u < 6 such that (i^, /3) — (i'^^^,/3), counting 
multiplicities. If P is non-degenerate then 

Mcz(P, /3) = 2 (I/o"^^ ^) + - (i^r, 0)- 

The following lemma is an easy consequence of the definitions. 

Lemma 4.5. Suppose P G V* satisfies ficz{P) > 3. Then {v,j5p) > 2 for every 
eigenvalue u>Q of Ap. 

4.2. Finite-energy spheres with vanishing c?A-energy. 

Lemma 4.6 (Hofer, Wysocki and Zehnder). Suppose v = {d,v) : C \ F — M x M 
is a finite-energy sphere satisfying w ■ dv = 0. Suppose further that 00 is its unique 

positive puncture. There exists a non- constant polynomial p : C — ^ C and aperiodic 
orbit P = {x, T) such that (0) = F and v = f^~ f) °P '^here 

/(x,f) : C \ {0} ^ K X M, /(,,f )(e2-(^+^*)) = {Ts, x{Tt)). 
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4.3. Bubbling-off points. The basic tool for the bubbhng-off analysis is the fol- 
lowing lemma. In the statement below norms are taken with respect to g'^ (I16p and 
the euclidean metric on C. 

Lemma 4.7. Let T d C be finite and Un d C \ T be an increasing sequence of 
open sets such that U„C/„ = C \ F. Let Un = (on, u„) : (C/„, i) — (M x M, J) be a 
sequence of J -holomorphic maps satisfying sup„ E(un) — C < oo, and Zn G Un be a 
sequence such that \diin{zn) \ — > +oo. If Zn stays bounded away from ru{oo}, or if 
there exist m and p > such that C\Bp (0) C J7,„ and Zn stays bounded away from 
T, then the following holds: VO < s < 1 there exist subsequences {uuj} and {zn^}, 
sequences z'^ e C and rj(s) G M, and a contractible periodic Reeb orbit P = {x,T) 
such that \znj ~ z'^^ — > 0, ?'j(s) — > 0^, T < C and 

lim sup / u*^ .d\> sT. 

j^+oo J\z-z'.\<rj(s) ^ 

We do not include a proof here since it is standard. 

Corollary 4.8. Assume A and P satisfy the hypotheses of Theorem \2.'A Suppose 
{un = {cin,Un)} C Q{H,P) and {zn} C C are sequences such that \dun{zn)\ — >■ +oo. 
Then limsup |z„| < 1 and for any 1 < s < 7"^ min{7i,72} there exist subsequences 
{urij} arid {zn.^, a sequence rj{s) — > 0^ and a sequence z'j such that |z„j ~ ^j \ ~^ ^ 
and 

limsup / u*.(iA>S7. 

Corollary 4.9. Assume A and P satisfy the hypotheses of Theorem \2.2\ If {un} C 
Q{II, P) and z^, . . . , z"^ are distinct points of C satisfying 

y 1 <l < J 3{z'j such that z'^ —?■ z^ and |ii{(„(z^)| -> +00 

then . . . , z-^} C D and J < T/-f. 

Proof. Write u„ — (a„, The conclusion follows easily from the previous lemma 
since u^dX = T for all n. □ 

Corollary 4.10. // {un} C Q{II,P) then one can find a subsequence {unj} o,nd 
a finite set F C D such that {\dun W is uniformly bounded on compact subsets of 

c\r. 

4.4. Special Cylinders with small energy. Fix any contact form A on the closed 
3-manifold M. Suppose Q C V satisfies the following condition: if P = i^^yT) E Q, 
P ^ {x,T) E V and Xf is C"-homotopic to Xf then P E Q. We denote Q*^ = 
{P ^ {x,f) E Q : f < C} for some fixed C > 0. We assume every P € is 
non-degenerate, so that Q*^ is finite. We follow [18] and fix a number 

< e < minjai, 02}, where ai = minjP : P = {x,T) E Q'~'} and 

^^^^ as = min{|r- f I : P = {x,f),P^ {x,f) E and f =^ f}. 

Choose also an arbitrary S'^-invariant open neighborhood W of Q'-^ in the loop 
space C°°(S'^, M). The proof of the following lemma is found all over the literature, 
however its statement is not. We shall not give the arguments here since they are 
almost identical to the ones given to prove Lemma 4.9 from [18], see also [19]. 
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Lemma 4.11. Let rj > be fixed. Suppose that, in addition to the assumptions 
made above, every contractible P — {x,T) with T <C belongs to Q. Then 3ft, > 
with the following significance. If u — (a, u) : [r, +oo) x ^ R x M is a finite- 
energy cylinder satisfying 

(1) Eiu) < C and J^^^+^y^g^ u*d\ < e. 

(2) 4jx5i"*A>77Vs>r. 

(3) 3P eQ^ andy e P such that linis^+oo u{s, •) = y in C°°{S'^,M). 
then s > r + h^ u{s, •) G W. 

It is not hard to check that, under the assumptions of Theorem l2.21 Q = V* and 
C — T satisfy the hypotheses of Lemma 14.111 

4.5. An auxiliary lemma. This subsection is independent of the previous discus- 
sion. Our goal is to prove Lemma 14.151 below. Let 

w = (d, w) : C \ f ^ R X Af 

be a finite-energy sphere with non-degenerate asymptotics, where F C C is finite. 
Suppose r = r U {oo} consists of non-removable punctures. Denote zi — oo and 
write r = {z2, . . . , z^}. We find periodic orbits {Pj = {xj, jv such that w 

is asymptotic to Pj at zj , according to Definition 13.111 

Assume Pj £ V* Vj. There are distinguished homotopy classes f5j — (ip. £ Sp. 
induced by capping disks for the maps Xjrp , as explained in Remark 13.31 We can 
find, see Remark 13.61 small open neighborhoods Uj of Xj (M) and non- vanishing 
sections Zj of ^|[/^. such that Xj^ Zj £ j3j. 

Lemma 4.12. The sections Zj o w (defined only near the punctures Zj) extend to 
a non-vanishing section B ofw*^. 

The proof follows from standard degree theory, we only sketch it here. 

Sketch of proof. We can glue capping disks Dj for Pj along the punctures Zj, for 
j — 2 . . . , N , with the surface w to obtain a capping disk 

Di=D2#...#Dn#w 

for Pi. This follows from the asymptotic behavior described in Definition l3.11l The 
sections {Zj}j>2 extend to a section a of ^\di- We used that Zj\p. £ f3p, Vj > 2 
and that the class jip- has special properties described in Subsection 13.11 Since 
Zi\pi £ /3pi then a does not wind with respect to Zi near dDi and, consequently, 
can be patched with Zi. □ 

Lemma 4.13. Fix 1 < j < N . Suppose the Pj are non-degenerate. If Zj is a 
negative puncture of w, ncz{Pj) > 3 and Ji^^f,w*dX > then windoo{w,6,Zj) > 2 
where 5 is the homotopy class of the section B given by Lemma \4-.12\ 

The proof requires the following very non-trivial theorem proved in |11| . 

Theorem 4.14 (Hofer, Wysocki and Zehnder). Suppose Pj is non- degenerate and 
choose a holomorphic chart ip : {V,Zj) — >■ {ip{V),0) centered at Zj. Write w{s,t) — 
w o (^(e"^'^'^^**'') if Zj is a positive puncture or w{s, t) — w o i^(e^'^*^^+**^) if Zj is a 
negative puncture. By rotating the chart ip we can assume that w{s,t) — )■ Xj{Tjt) 
as \s\ — >■ -l-oo in C°° . Then either it ■ dw vanishes identically or 
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(1) If Zj is positive then 3f{s,t) G M \ {0} smooth such that 

lim f{s, t)TT ■ dsw = e{t) in C°°(S'\ ^ 

S— 7- + 00 

where e is an eigenvector of Ap. associated to an eigenvalue v < i/"'^^. 

(2) If Zj is negative then 3f(s,t) S M \ {0} smooth such that 

lim f{s,t)TT ■ dsW = e{t) in C°^{S\^) 

where e is an eigenvector of Ap. associated to an eigenvalue v > v^"^ . 

In Section [6] we will generalize the above theorem, replacing the assumption that 
Pj is non-degenerate by the assumption that w has non-degenerate asymptotic 
behavior at Zj. 

Proof of Lemma \4-13\ Let Lp be as in the statement of Theorem l4.14l Write w{s, t) = 
woip (^6^^'-'*+**^) and _B(s, t) = Boip (^g^^^^ , where B is the non-vanishing section 
given by Lemma 14.121 We compute 

wmdooiw,S, z) ~ lim wind{7r ■ dsw{s,t), B{s,t), J) 

s— > — oo 

= lim wmd{Tr ■ dsw{s,t), Zj{w{s,t)), J) 

= lim wmd{f{s,t)Tr-dsw{s,t),Zj{w{s,t)),J) 

= wind(e(t + c), Zj{xiTt + c), J) = (i^,/3pj 

where v is a positive eigenvalue of Ap. and c e M. The inequality ncz{Pj) > 3 
implies {v^fip.) > 2 in view of Lemma 14.51 □ 

Lemma 4.15. Let X be a contact form on M , inducing the contact structure ^ = 
ker A, and let J : ^ be a dX-compatible complex structure. Suppose 

w = (d, w) : C \ f ^ R X Af 

is a finite-energy sphere with non-degenerate asymptotics, where 7^ F C C is 
finite. Suppose also that F = F U {00} consists of non-removable punctures. Write 
zi = 00 and F = {z2, . ■ . ,zn}. Assume w is asymptotic to Pj at Zj according to 
Definition \3.11\ where {Pj — (a;j,Tj)}j=i..jv are periodic Reeb orbits. Assume also 

(1) Pj G V* and Pj is non-degenerate Vj. 

(2) zi is a positive puncture and Z2, . ■ . ,zn are negative punctures. 

Let 5 be the homotopy class of the section B given by Lemma \4-I^ If w satisfies 
windoo{w, 5,zi) < 1 and Jj,^p w*dX > then ^cz{Pj) < 3 for some j > 2. 

Proof. Let us assume that fJ,cz{Pj) > 3 V j > 2. Using Lemma [4.131 we have the 
following chain of inequalities 

< wind^(w) = windoo(w) + #f + 1 - xiS"^) 

< 1 -J2™^oo{w,S, Zj) + 1 + fft - 2 

<-2#f + #f = -#f 
proving that F = 0. This contradiction concludes the argument. □ 
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As the proof demonstrates, the above lemma follows essentially from the inequal- 
ity windjr > 0. This should be seen as some kind of linearized version of positivity 
of self-intersections, and is violated when the asymptotic winding is < 1 at the 
positive puncture and > 2 at the negative punctures. One should also note that 
this very simple argument is independent of any transversality results. 

4.6. Bubbling-off analysis. We start with a technical lemma. 

Lemma 4.16. Assume A and P — {x,T) satisfy the hypotheses of Theorem \2.S\ 
and recall the number 7 in Suppose rn — > e > and {vn = {dn, Vn) '■ C — > 
R X M} is a sequence of finite- energy planes. Suppose further that 

(1) i?(i)„) <T anrf/^|^|>^^j<dA<7. 

(2) /|.Hp<A>eVp>r„. 

(3) 3N >0 such that u„(C) C [-N, +00) x M \fn. 

Then lim„_i.+oo infK dn ~ +00 for every compact set K d C \ {0}. 

Proof. We claim \dvn\ is bounded on compact subsets of C \ {0}. If not we may 
assume 3C,n — ^ C* 7^ satisfying \dvn{Cn)\ — > -l-oo. By Lemma [4.71 we can further 
assume that for every < s < 1 there exists p„ 0+ and a contractible Reeb 
orbit P = {x,T) such that T < T and lim 

^uPn-i.+oo Jb ) ^nd^ ^ sT. Choosing 

s > 7/71 we obtain a contradiction to (1). 

We proceed indirectly. Suppose 3{z„} C C such that Zn ^ z* ^ and {d„(2„)} 
is bounded. Hence the sequence u„(2;„) is compactly contained in Kx M. We proved 
above that {|(iu„|} is Cj^^-bounded on C\{0}. Thus {«„} is C/^^-bounded on C\{0}. 
Elliptic estimates provide Cj'^^-bounds and a subsequence {w„^ } converging to a J- 
holomorphic cylinder / : C \ {0} ^ M x M in C^^. It satisfies E{f ) < T and 
J^^^gyg*dX < 7. We write / = {h,g) and estimate 



(20) / 5*A= lim / <.A>e>OVp>0. 

J\z\=p 3^ + °°J\z\=p ' 

Hence E{f ) > and is not a removable puncture. Moreover, h > ~N on C \ {0} 
since w„(C) C [— A^, -l-oo) x M Vn. Consequently is a positive puncture. Let 
us write 5 (e"^'^^*"'"**') = g{s,t). By Theorem 13.91 there exists a periodic orbit 
P — (5, T) and a sequence Sk — > +00 such that 

lim g{sk,t)^S:{ft + c) in C°"{S\M). 

for some c e K. Thus linife^+oo g*\ = —T < contradicting (^0)). □ 

Lemma 4.17. Assume A and P = {x, T) satisfy the hypotheses of Theorem \2. 2\ and 
let H d R X M be a compact set. Suppose {un = (a„,u„)} C P). Then one 

can find a subsequence of {unj}, a finite set F C D and a smooth J -holomorphic 
map w : C \ F — > R X Af satisfying the following properties. 

(1) Defining w„ : C — > R x M by Wn{z) — {an{z) — a„(2), m„(z)) then Wn ■ — )■ w 
in C^^{C \ F, R X M) and Q < E{w) < T. 

(2) 3A G [— cx),-foo) such that infca„. A. 

(3) IfA^ -00 then #T ^ 1, w ■ dw d and H nW x x{R) ^ 0. 

(4) If A > -00 then F = 0, a„(2) -)■ c G R and Un ^ u := c ■ w in C^^. 
Moreover, u G Q^{H,P). 
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Proof. By Corollarv l4.10l we find a subsequence {{t„^ } C {un} and a finite set F C D 
such that 

(i) \dunj I is C;° ^-bounded on C \ F. 

(ii) Vz* € F 3zj — >■ z* such that |(i{t„j(zj)| — > +00. 

Define w„(z) = (a„(z)— a„(2), u„(z)) and write w„ = {bn,Wn)- Note that |(ii&„(z)| = 
\dun{z)\yz € C since the metric g'^ is R-invariant. This proves that is Cl^^- 
bounded on C \ F since Wn^ (2) C {0} x M. Elhptic estimates provide C^'^^-bounds. 
Thus we can assume, without loss of generahty, that we can find a smooth J- 
holomorphic map 

w = : C\F ^ M X M 

and a subsequence {wn^} such that Wnj w in Cf^^{C \ F). Clearly E{w) < 
supj E{wnj ) =T. We split the remaining arguments into a few steps. 

STEP 1: w is not constant, all punctures in F are negative and 00 is the unique 
positive puncture. 

Proof of STEP 1. If F = then w*dX = lim^- u^AX = T - 7 > 0, proving 
that w is not constant. Suppose w is constant and F ^ 0. Fix z* G F C D and 
1 < s < min{7i, 72}. By CoroUarv 14.81 we assume, without loss of generality, 
that we can find sequences Zn- — > z* and rj (s) — 0^ such that 

limsup / u*^,dX > 57. 

J\z-zr,-\<rj(s) 

Set Bj = Bj,j(s){znj)- If ii is constant we can estimate 

0— u;*A = lim / w* . dA > lim sup / u^ .dX = sj>0. 

J\z\=2 3 "'|z|<2 ^ j JBj ' 

This contradiction shows w is not constant. Assume again F 7^ 0, fix z* G F and 
suppose, by contradiction, that it is a positive puncture. By Theorem 13.91 we find 
r > small and a periodic Reeb orbit P* = {x*,T*) such that 

w*X> — > 0. 

\Z — Z''^ \—T ^ 

However 

- / w*X^- lim / w*^\ = - lim / u*^AX < 0. 

Ijs — js* |— r 3 J\z — z*\—r 3 J\z — z*\<r 

This contradiction shows that z* is a negative puncture. If oo is also a negative 
puncture then E{'w) < 0, which is impossible. □ 

We fix a S^-invariant neighborhood W of the (discrete) set of S'^-orbits 

{y G C°°{S\M) : y e P ^ ix,f) eV* with f<T} 

in C°°{S^,M) with the following property: whenever P — {x,T), P = {S:,T) are 
two contractible Reeb orbits with max{T, T} < T and T ^ T then no connected 
component of W contains the two loops Xf and Xf simultaneously. This can be 
done by our assumptions on A and P. Let Wi denote the component containing xt- 
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STEP 2: There exist /i > and jo e Z+ such that {t ^ Un^{re'^''*)} e Wi for 
every j > jo and r > 2e''. 

Proo/ o/ STE^P 2. We can estimate 

(1) hmsup^. /2<|,|<fl<^dA < 7 VP > 2. 

(2) /|.M<.^-T^-7Vj. 

Applying Lemma 14.111 to W, e = 7, rj = T — j and the cyhnders 

e [(2^)-Mog2,+oo) X 51 ^ (e2-(^+^*)) 

we obtain h > and jo such that the loop 1 1-> (re*^'^*) is in W whenever j > jo 
and r > 2e'' . By the path-connectedness of Wi these loops can not leave Wi . □ 

STEP 3: The curve li has non-degenerate asymptotics and is asymptotic to P at 
the puncture 00. 

Proof of STEP 3. We only deal with cxo, the other punctures are subject to anal- 
ogous arguments. Use Theorem 13.91 to find c+ G M, — > -l-oo and an orbit 
P+ = (x+,r+) such that 

w (rfce*2^*) ^ x+{T+t + c+) in C^{S\M). 

Fix k large. Then for j large the loop (j'fce*^^*) is C°° close to w (rfcC*^^*) and 
homotopic to x{Tt). It follows that P+ is contractible. Clearly T+ < E{w) < T. 
Thus, by the assumptions of Theorem 12. 2[ P+ is non-degenerate and belongs to 
V*. By Theorem 13.131 w has non-degenerate asymptotic behavior at the puncture 
00 and the associated asymptotic Reeb orbit is P+. It follows from STEP 2 that 
P+ = P. □ 

By our assumptions on A and P, the asymptotic limits at the punctures z G F 
are non-degenerate orbits in T'*, with periods < T and indices iicz > 3. 

STEP 4: If w*dX>0 then F = and windoc(w) = 1- 

Proof of STEP 4- Write zi = 00 and F = {z2, . . . , z^}. Suppose w is asymptotic to 
Pj = {xj,Tj) at the puncture zj. As remarked above, Pi — P, {Pi, . . . , Pjy} C V* 
and Pj is non-degenerate Vj. Moreover, maxj Tj < T and fJ-cz{Pj) > 3 Vj. Let [/, 
be open neighborhoods of Xj{M.) and Zj be non- vanishing sections of £,\u- satisfying 
Zj\p. G /3p.. Let B be the non-vanishing section of w*^ given by Lemma [4.121 and 
S be its homotopy class. By Theorem 13.131 we can find Pq ^ 2 so that r > Rq 
implies tt • (9rw(re*2'^*) ^ and w(re*2'^*) g Ui. Let /i > be given by STEP 2 and 
suppose Wi is small enough so that c G Wi ^ c{S^) C Ui. If we assume Po > 2e'' 
then Wtij (re'^'^*) G C/i whenever r > Rq and j is large. Perhaps after making j 
larger, we can also assume tt • cJ^Wnj (Pqc*^'^*) 7^ Vi G S"^ because w„^. — > w in the 
sense of C°° on the set {\z\ = Rq}. Define Ij and / by 

I, = wind(^ • drWn^ (Poe"'"*), Zi o u>„^ (Poe^2.*), J) 
I = wind(7r • drw{Roe'^'''),Zi o u;(Poe'2''*), J). 

Then Z = windoo('(i', ^, 00). Note that Zi o Wnj, only defined on {\z\ > Po}, ex- 
tends to a non- vanishing section of W^.S^ by the properties of the class f3p^ = 13 p. 



FAST FINITE-ENERGY PLANES 



25 



Consequently, Vj 3Rj 3> i?o such that 

1 = windoo(u„,) = wind(7r • a,w„^ (-Rj-e'^-*), Zi o u;„^. (i?je*2.*), J). 

The Gauss-Bonet formula proves 

I — Ij = windoo(w,ij) — Ij ~ #{zeros of tt • dw„j in {i?o < \z\ < Rj}} > 0. 

It follows that Ij < 1. We know that Ij ~> I, proving ^ < 1. If F 7^ we can apply 
Lemma UnSI to obtain a contradiction. □ 

STEP 5: If TT • = then #r = 1, T C 9© and w{C \ T) C K x .x(]R). 

Proof of STEP 5. We use Lemma 14.61 Let p be a polynomial of degree fc > 1 
satisfying p~^(0) = F and let P = (x, T) be a periodic orbit such that w = f^^ j,-^ op. 

It follows from STEP 3 that (x,T) {x,kf). Thus a; = x and fc = 1. In fact, if 
k > 2 then T is not the minimal period of x, contradicting the fact that P is simply 
covered. Consequently p{z) = Az + D and F = {~D/A] C B) for some ^ G C, 
Q. It follows from Lemma HH and STEP 3 that w[<C \ F) C R x x{M). If 
I — ZJ/AI < 1 then we obtain the following contradiction 

(21) T= / w*X^ liin / <^A = T-7. 

□ 

STEP 6: A= -oo^T 

Proof of STEP 6. Let {zj} be so that an {zj) = infc a„ — > —00. Suppose, by 
contradiction, that F = 0. Then \dunj \ is bounded on compact subsets of C. We 
claim that \zj\ — ;> +00. If not we can assume, after selecting a subsequence, that 
we have an uniform bound |a„.(zj) — a„.(0)| < c for some c > 0. This proves 
flnj (0) — > —00, contradicting {unj (O)} C H because H is compact. Now define 
Vj :C^Rx M by 

""jiz) = {dj{z),Vj{z)) = (an^iZjZ) - an^{z.j),Un^{zjz)). 

Then the planes {vn} satisfy the hypotheses of Lemma 14. 16l with C ^ T, e = T — j, 
Tj = 2\zn-\~^ and TV = 0, in view of the properties of the set Q{H,P). However, 
{'D„(l)} C {0} X M and this is in contradiction to Lemma [4. 161 

Assume F 7^ and suppose, by contradiction, that A > —00. First we claim that 
o„ . (2) — +00. If not we can assume, after selecting a subsequence, that 3N < +00 
satisfying sup^ (2) < N. Choose z G F. By STEP 1 z is a negative puncture. In 
view of the asymptotic behavior described in Theorem 13.131 and of Definition 13.111 
3C e C \ F close to z such that 5(C) <A-N-1. Since (C) b{C) as j +00 
then we can estimate a„ {() — 6„ . (C) + a„ (2) < A—1 for j large. This contradicts 
the definition of A, proving a„ . (2) +00. We now claim that S F. If not then we 
find a smooth curve c : [0, 1] 4 C such that c(0) = 0, c(l) = 2 and c([0, l])nF = 0. 
We estimate |a„^ (2) — a„^. (0)| < C x length(c) Vj for some C > 0, since the metric 
(7° is K-invariant. This is a contradiction since {a„(0)} is a bounded sequence {H 
is assumed compact) and a„j(2) — ^ +00. Hence S F. By STEP 4 we must have 
TT • = 0. By STEP 5 we conclude that € S'\ absurd. □ 
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In view of STEP 4 and STEP 5 the points and 2 do not belong to F. This 
allow us to conclude that a„j(2) is bounded since so is a„^ (0) {H is compact). Up 
to selection of a subsequence, we can assume a„^- (2) — > c € M. If ^ > — oo then 
r = by STEP 6, and the plane u ^ c ■ w must belong to e'^{H,P) by STEP 
3 and STEP 4. li A ^ -oo then F 7^ by STEP 6, tt • = by STEP 4 and 
w{0) = (6(0), w(0)) e M X x{R) by STEP 5. We know u(0) = lim^ (0) G i7. The 
conclusion follows since u(0) — (6(0) + c,w{Q)). □ 

4.7. End of the proof of Theorem 12. 21 Suppose A and P satisfy the assumptions 
of Theorem and that H C M. x M is compact. Take {u„} C Q^iH, P) and set 
An ~ infc a„. We can assume, after selecting a subsequence, that An — ^ A G 
[L, +00). By Lemma [4. 171 we find a subsequence {unj} and some u G Q^{H, P) C 
e^{H,P) such that Un, ^ " in C^^, This proves Q^{H,P) is C,'^^-compact. 

Assume 7? n K x x(R) = 0, consider C Q{H,P) and set v4„ = infca„. 

If inf ji ^„ = —00 then we can assume A^ — >■ —00. By Lemma 14.171 we conclude 
HtlR X a;(E) ^ 0, a contradiction. Thus we find L > such that {u„} C Q^{H, P). 
This proves &{H, P) is C,'^^-compact. 

Now suppose {un} C A^{H,P) C Q^{H,P). We already know 3u G Q^{H,P) 
and a subsequence {wn^. } such that — > u in C;'^^. We must show that u is an 
embedding. It must be an immersion since winder (w) = windoo(u) — 1 = 0. Let A 
be the diagonal in C x C and consider the set 

D = {(zi, Z2) G C X C \ A : ^(zi) = ^(22)}- 

If D has a limit point in C x C \ A then we find, using the similarity principle 
as in |:26^, a polynomial p ; C — > C of degree > 2 and a J-holomorphic map 
/ : C ^ R x A/ such that u — f op. This forces zeros of du, a contradiction. Thus 
D is closed and discrete in C x C \ A. By stability and positivity of intersections of 
pseudo-holomorphic immersions we find self-intersections of the maps Un for large 
values of j \i D ^ 0. This is a contradiction since each ?2„ is an embedding. We 
proved D = and A^(i7, P) is Cj'^^-compact. The same reasoning as above shows 
K{H, P) is Cj-^^-compact if nM x x{M.) = 0. The proof of TheoremOis complete. 

5. Existence of fast planes 

In this section we prove Theorem 12.41 

5.1. Special boundary conditions for the Bishop Family. We will need spe- 
cial totally real boundary conditions for our Bishop family of J-holomorphic disks 
described in Subsection 12.41 

Proposition 5.1. Let P — {x,T) be a non- degenerate, unknotted and simply cov- 
ered periodic Reeb orbit on a 3-manifold M equipped with a contact form A and 
Reeb vector field R. Let Vq be a smooth embedded disk satisfying dVo = x{W). For 
any open neighborhood U of x(M.) in M there exists a smooth embedded disk Vi 
satisfying the following properties. 

(1) dVi = x(R), Vi\U = Vo\U. 

(2) There exists a neighborhood O of dVi in Vi such that 
(22) Rp^TpVi, ypeO\dVi. 

The goal of this subsection is to prove the above statement. We start with some 
technical lemmas. Let sp{l) denote the Lie algebra of Sp(l). 
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Lemma 5.2. Let ip e C°° {[0,1], Sp{l)) satisfy dct[I - ^ and let Y e sp{l) 
satisfy — ip{l)- Suppose 1 1-> "tp' {t)il}~^ [t) extends to a smooth 1 -periodic function 
on R. Then M{t) — e'^^ip^^(t) also extends to a smooth 1-periodic function on R. 
Moreover, ifdetY > then 3Yg sp{l) satisfying = ip{l), such that the smooth 
map M : M/Z Sp{l) defined by M{t) = e*^ip-^{t) satisfies Maslov{M) = 0. 

Proof. Clearly M extends to a continuous 1-periodic function. The formula A/' — 
YM - e*^V" = yM - Mil}'i>~^ shows that so does M' . An induction 
argument proves that all derivatives of M extend to continuous 1-periodic functions 
on K. Now assume detF > 0. The eigenvalues of Y are ±i\/ det Y since tr Y ~ Q. 
In this case the Jordan form of Y is the matrix J = 17 for 7 = \/ det Y ^ 27rZ. 
There exists T e GL(2,M) such that Y = T'^i-fT. Thus ip{l) = T'^e'^T. Denote 
by C = diagonal(l, — 1) the conjugation matrix and let k = Maslov(M). Define a 
loop of symplectic matrices by N{t) T-^e-'^Trfcty^ ^ ^ j^/^^ 

We claim that Maslov(iV) = -k if detT > and Maslov(7V) fc if detT < 0. 
In fact, suppose detT < 0. Then there exists a smooth path s e [0, 1] 1— T(s) e 
GL{2,R) with r(0) = T and T(l) = C. Using the homotopy invariance of the 
Maslov index we compute 

Maslov(iV) = Maslov(t ^ Ce''^''''*C) = Maslov(t ^ e*^^''*) = k. 

The case det T > is similar and the claim is proved. 

We continue the proof of the lemma considering the case detT < 0. Then 
Maslov(iV) = k. Using e*^ = T-ie»*7T we compute 

= Maslov(M(t)) -k = Mas\ov{N-^{t)M{t)) 
= Maslov(r-ie**('^+2^'=)rV'~^(t)) 

The conclusion follows by noting that Y := T^^i{'-f + 2TTk)T is another logarithm of 
The case det T > is treated similarly. The eigenvalues of Y are ±i{VdetY + 
27rfc) ^ i27rZ, and we stiU have det y > 0. □ 

Before starting with the proof, we fix the notation and make some initial con- 
structions. Let U, T>o and P be as in Proposition 15.11 Perhaps after making U 
smaller, we can find a Martinet tube 

* : C/ ^ M/Z X B 

as explained in Definition 13.51 Here i? C is an open ball centered at the origin. 
In the coordinates {9,x,y) E R/Z x R'^ the contact form is = f{d9 + xdy) 
where the smooth function / > satisfies /(6', 0,0) = T and df {9, 0,0) = 0. Note 
that T is the minimal positive period of x by assumption. The map t i— x{Tt) 
is represented by t {t,0,0). We still denote by R the Reeb vector in the local 
coordinates {9, x, y). The proof of Proposition 15 . 1 1 is based on the following lemma. 

Lemma 5.3. Let ttq : R/Z x R^ — > R'^ be the projection onto the second factor. 
There exists e > and a smooth embedding h : (1 — e, 1] xR/Z — > R/Zx B satisfying 

(1) hil,t) = {t,0,0). 

(2) {hr{r,t), ht{r,t), R o h{r,t)} is linearly independent ifl — e<r<l. 

(3) wind{t I— > dTTo • hr{l,t)) = 0. 
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Proof. We denote the Reeb flow by (jjt and assume, for simplicity and without loss 
of generality, that T = 1. In the local coordinates {6,x,y) introduced above we 
have R{e,0,0) = (1,0,0), </>t(6'o, 0, 0) ^ (i + 6*0, 0,0) and 

DM0,0,0) = (I for some V e ([0, 1], 5p(l)) 



m 

with respect to the splitting T{R/Z x M^) = M ® ^^^^ ^^lat the linearized 

Reed flow preserves the splitting TM = RR © The formula 

j^DMO,0,0) = i^i?(0t(O,O,O))I?0t (0,0,0), 

shows that the matrix ip'ip~^{t) is a smooth loop R/Z M^^^. P is a non- 
degenerate Reeb orbit if, and only if, 1 is not an eigenvalue ip{l). 

Let Y be an element of the Lie algebra of Sp{l) such that V'(l) = e^. We can 
find Y since Sp{l) is connected. By Lemma [5.21 the function 

(23) M{t) = e*^^^i 

defines a loop R/Z — > Sp{l) of class C°°. Consider the diffeomorphism 

of R/Z X R^ onto itself. Note that G is smooth since so is M . We compute 

I?(G,(/)t)(0, 0, 0) = DG (0t (0, 0, 0)) • D(t)t (0, 0, 0) • i^G'^O, 0, 0) 

1 \ /I 0\ (I 
A/(t) i 1 v(0 / VO 



and prove 

D{G^R){t,Q,{)) 



j^D{GAt)iO,0,0) 



[i?(G,0t)(O,O,O)]-^ 




Y 



From now on we work in these new coordinates, obtained by pushing forward with 
G. We still denoted them by (6*, cc, y) without fear of ambiguity. The Reeb vector 
is still denoted by R and its fiow by (j)t- The above equations imply DR{6, 0,0) = 

I ° ) , The characteristic polyno.ni.l „t Y is p(A) ^ A= - tr(y ) + dct Y. Since 



tr(r) = its roots are iiVdet Y if det Y > 0, or ±V-detr if det Y <0. The case 
det y = is ruled out since P is non-degenerate. Let k — Maslov(M) and consider 
the smooth 27r-periodic function 

(24) = det ( ( j) , A^-. F (j) ) ^ det (j ^::>^ 

of the real variable i). We split the proof in two cases. 

Case 1 : det Y > 0. By Lemma lST^ we can assume fc = 0. It follows that iJ.cz{e^^) = 
ficzi'tpit))- Since the Jordan form of Y is the matrix 

-7 



J = 17 = ( ^ , with 7 = Vdetr > 0, 
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we find T g GL(2,M) such that Y = T-^i-/T. Thus V(l) = T-^e'''T and 

.W = ^det(Te-(j),.Te-(j 
This proves 5(1?) 7^ for all ^ . Consider 

( ' 

h[r,t) = 1 - r 

V 

defined for (r, i) G (1 - e, 1] x M/Z, with e > smaU. Then 

R{h{r, t)) = + (1 - r) I^Fn j + 0(|1 - rp). 

This implies 

/ 1 1 \ 

det(/ir,/if,i?) =det -1 (l-r)Yii +C'(|l-rn 

^ ^ V (1-0^21 ; 

= (l-r).9(0) + O(|l-r|2) 

and we conclude det(ft,r, /if , i?) 7^ for r < 1 close to 1. This tells us that the map 
h = G^^ o h satisfies conditions (1) and (2) if e is small enough. We compute 





which proves assertion (3) since Maslov(M) = 0. 

Case 2: deiY < 0. In this case Y = T^^JT with J = diagonal(7, -7) and 
7 = V— det Y > 0. The function g{'i!}) defined in (f24| is 27r-periodic and we find 

i9o < t^i < ^^2 < < 1^4 = i?o + 27r, 

with i?o < 0, so that g changes sign at every -dj. Here "dj are precisely the numbers 
when Te*'' changes quadrant. Define 

for (r, <) e (1 — e, 1] X M/Z, with e > small. We are still to find the real-valued 
function Let us make some a priori computations: 



(1 - r)i'&'e 



1 

'1 



and 

R{h{r, t)) = I 1 + (1 - r) i^^,^ fl\ ]+0{\l- r\'). 



,0 \ \0 
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We have 

/ 1 1 

det(hr,ht,R^ ^deti -1 (l - r) {Ad^-,^Y) +o(|i_r|2) 



(l~r)^' (l-r)(^4-..r)2, 



= -(l-r)(z?'-.9(^)) + 0(|l-rp). 

Thus it suffices to prove that t H> can be chosen to satisfy: 

(1) -dlt) is smooth in a neighborhood of [0, 1], 19(0) = and = 27rfc. 

(2) 'd'it) : K/Z ^ R is smooth and - g{d) does not vanish. 

We first handle the case A: < 0. Fix some non-empty open interval / C (27rA:, 0) 
where g > cr > 0. Let ?/ = sup \g\ and a > 2?/. Now choose d{t) so that 

(1) d{t) = -at for t close to 0, and d{t) = -a(i - 1) + 27rfc for t close to 1. 

(2) if (i) < V i e [0, 1], and 7^ -a ^ i?(i) e /. 

Then d' - g{i9) < -a + 77 < -77 if i}{t) ^ I, and 1?' - 5(1?) < - cr = -cr if 
i?(i) e /. This proves that t?' — (7(1?) < min(— cr, — ry) < 0. The case fc > is treated 
similarly. If fc = we take d{t) = t?o with g(i?o) 0- cases h{r,t) is a 

smooth embedding, h(l,t) — (t, 0, 0) and {hr{r,t), ht{r,t), R{h{r,t))} is a linearly 
independent set if r < 1 and e is fixed small enough. Moreover, 

wind(f I— )• cIttq ■ drh{l,t)) = fc. 

Composing with G^^ we arrive at /i = G^^ o /i with similar properties, but with 
wind(i I— >■ diTo ■ hr{l,t)) = 0: the winding is corrected from fc to since 



K{l,t) = - \ ,,^i,,.Mt) (I 



0; 



and Maslov(M-i) = -fc. □ 



With Lemma 15.31 proved we can continue our constructions towards the proof of 
Proposition l5.ll Let (po : D ^ M be a C°°-embedding satisfying <fo{p) — Vq and 

(25) (^o({l-eo < kl < 1}) C [/ 

for some eo > small. Let {r,t) e [1 — eo,M/Z] be cylindrical coordinates in 
the annulus {1 — eo < \z\ < 1}. We may write ipo{r,t) instead of (po{re'^'^^*'). In 
the local coordinates {9,x,y), £,\x{Tt) is represented by {0} x R^. As explained in 
Remark \3M the vector field along (0,0,0) given hy 6 1-^ dx\(9^o,o} — (0, l,0)|(e^o,o) 
can be chosen to represent any given non-vanishing smooth vector tangent to the 
contact structure along 1 1— > x{Tt). We will assume 

(26) 9,1(4,0,0) (*o<^o)( 1,0 Vie K/Z. 
We prove a few preliminary steps. 

STEP 1: There exists < e < eo, a diffeomorphism F of the set (1 - e, 1] x M/Z 
onto itself and a smooth function 70 : (1 — e, 1] x M/Z — > B such that 

(1) If F = (Fi, F2) then Fi(r, t) = r. 

(2) -^oifQoF-^rJ) = (i9,7o(r,i9)), V(r, i?) e (1 - e, 1] x M/Z. 
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(3) 70 (r, I?) ^ 0, V(r, i?) G (1 - e, 1) x R/Z. 

(4) a^7o(l,i?) ^0, Vi9eM/Z. 

(5) wind(z9 a^7o(l,i?)) = 0. 

Proof of STEP 1. In this proof we write ip^ instead of Vl/ o (pg for simplicity. Then 
9o (y9o(l,t) = t, \/t. Consider the map F{r,t) = {r,9o ipo(r,t)) defined for {r,t) € 
[1 - £0,1] X R/Z. One has 

1 \ A 0^ 



Since F maps {1} x R/Z diffeomorphicahy onto {1} x R/Z, we can use the inverse 
function theorem to find < e ^ eo such that F is a diffeomorphism of the set 
(1 — e,l] X R/Z onto itself. It follows that 

eoipooF~\r,^) =1?, V(r,i9) e (1 - e, 1] x R/Z 

since F o F~^ = id. Let 70 be implicitly defined by 

(27) (^ooF-i(r,^) = (^,7o(r,^)). 

The map 70 satisfies conditions (3) and (4) since (po is an embedding. Condition 
(5) follows trivially since 

image of dfo{l,t) = span {(1, 0, 0), (0, 5r7o(l, i))} 

and wind(i 1-^ diTQ ■ 9,.(^o(l, i)) = by Here ttq : R/Z x R^ ^ R2 denotes the 

projection onto the second factor. □ 

Arguing exactly as in STEP 1 we prove 

STEP 2: Let h be the map given by Lemma [5T3l defined on (1 — e, 1] x R/Z for some 
e > 0. We can assume e < eo and find a diffeomorphism H of the set (1 — e, 1] x R/Z 
onto itself, and a smooth function 71 : (1 — e, 1] x R/Z — > B satisfying 

(1) If H = {Hi,H2) then Hi{r,t) ^r. 

(2) /ioff-i(r,i?) = (i9,7i(r,?9)), V(r, ^?) e (1 - e, 1] x R/Z. 

(3) 71 (r, I?) ^ 0, V(r, ^) e (1 - e, 1) x R/Z. 

(4) 9^71(1,1$') 7^ 0, Vi? e R/Z. 

(5) wind(?9 ^ drji{l,^)) = 0. 

-B,, C R'^ will denote the open ball of radius rj > centered at the origin. 

STEP 3: Let gir,^) := Ittq o -^i o (pQ{r,d)\'^, where ttq : R/Z x R^ ^ R^ is the 
projection onto the second factor. 3 < e < eq and rj > Q such that Br^ C B and 

(1) Vq n *-i(R/Z X S^) c (^o((l - e, 1] X R/Z). 

(2) drg < on [1 - e, 1) x R/Z. 

Proo/ 0/ STE-P 3. Denote * o (^0 = (/3, T) € R/Z x B where /3 and F are defined 
on R/Z X (1 - eo, 1], so that g(r,z9) = |r(r,^l)|2. Clearly g{r,-d) = if, and only if, 
r = 1. We also know that drT{l,-d) 7^ Vi? G R/Z. Let C > be a constant so 
that |r(r,7?) + (l-r)a,.r(l,i?)| < C|l-r|2 holds for every (r,z9) e [1 - eo, 1] x R/Z. 
This follows from expanding r 1— > r(r, i?) up to first order at (1,"!?). Thus 

drgir,d)^2{r{r,d),drT{r,^)) 

= -2(1 - r) {drVil, I?), drVir, ^)) + 0(|1 - r\^) 
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which is clearly strictly negative if 1 — e < r < 1 for some e > small. We used 
that e > small enough implies {drT{l, i!}),drT{r, is positive and bounded away 
from on R/Z x (1 — e, 1]. The existence of 77 is easy since ipo is an embedding. □ 

From now on we fix < e < eg ^-nd 77 > such that the conclusions of Lemma l5.3l 
and of steps 1, 2 and 3 hold. 

STEP 4: Let 7^ {j = 0, 1) be the maps obtained from STEP 1 and STEP 2. There 
exist numbers < (5i < (Jq <C £2 < e and a smooth map 72 : (1 — £2, 1] x K/Z — B 
satisfying: 

(1) 72 = 71 on (1 - Si, 1] X M/Z and 72 = 70 on (1 - £2, 1 - ^o] x K/Z. 

(2) If p2(r,7?) := |72(r,79)| then a^p2(r, i^) < on (1-62,1) x R/Z. 

(3) /92 < 77 on (1 - £2, 1] X R/Z where rj is given by STEP 3. 

Proof of STEP 4. Define Pj{r,i}) := |7j(r,i?)| on (1 - e, 1] x M/Z, j = 0,1. Note 
that pj{l, •&) =0 W. We claim 3 < £2 < e such that 

dr{p^j) < on (1 - £2,1) X R/Z 

(28) wind(7? ^ l]{r,e)) = 0, V 1 - £2 < r < 1 
Pj < on (1 - £2,1] X R/Z 

for i In fact, let C > be a constant so that 

(29) |7,(r,7?) + (l-r)a,7j(l,^)|<C|l-r^ j = 0, 1. 
holds for every (r, t?) G [1 - £, 1] x R/Z. Thus 

dr{p]){r,d) = 2{^,{T,d),drl,{r,d)) 

= -2(1 - r) (9,7,(1, ,?), 9,7,(r, ,9)) + 0(|1 - rj^) 

which is clearly strictly negative if < 1 — r < £2 for some £2 > small. We used 
that 9r7j(l, t?) 7^ Vz9 for j = 0, 1. This proves the first assertion in (pS)) . By the 
continuity of 9r7j we can make £2 smaller so that 

(30) wind(?9 ^ drjj{r, 6)) = wind(79 ^ 9^7^(1, 0)) = 0, VI - £2 < r < 1. 

The second assertion of follows since we showed {'Jjjdrjj) does not change sign 
when re (1 — £2,1). The last condition of ([28]) is easy to achieve. 
We now construct the map 72. Since p|(r, t?) > if r < 1, we have 

(Pj)"'(0) n (1 - £2, 1] X R/Z = {1} X R/Z. 

Now choose < si <C sq ^ £2- It follows from (|28l) and from the implicit function 
theorem that (p|)~^(s|) 7^ 0, Sj is a regular value of p||(l — £2, 1] x R/Z, j = 0, 1, 
and that there are unique smooth functions rj : R/Z — >■ (1 — £2, 1) satisfying 

(p2)-i(s2)n(l_e2,l] xR/Z = {(r,(7?),t?) :79eR/Z}, j - 0, 1. 

Since < si <C so we can also assume ri{'d) > ro{'d) Vt?. Note that 

ri(?9) < r < 1 =^ pi(r,'i9) < si and I - €2 < r < ro{-&) ^ pair,^) > sq. 

We can smoothly define a, : (1 - £2, 1) x R/Z R/Z by = p,e*"('''''\ j = 0, 1. 
Note that jj{r,d) ^ since r < 1. Here (f30|l was strongly used. We choose a 
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smooth function / : R — > R satisfying / = on a neighborhood of (—00, si], / = 1 
on a neighborhood of [sq, +00), and /' > on R. We can find a smooth function 

P2 : (1-62,1) X R/Z^ (0,+oo) 

satisfying P2 — Pi r > P2 = Pa r < ro(i?) and drP2 < 0. Define 72 = 

^2e^277(/op2)aog»27r(i-/op2)ai_ rpj^g argument is now complete. □ 

Let 62 and 72 be given by STEP 4 and consider the map 0:(1 — e,l]xR/Z— > 
R/Z X B defined by 



(f>{r, d) 



(7?,72(r,i?)) ifr > 1-62 
(i?,7o(r,i?)) if l-e<r < 1-62. 



One easily checks, using STEP 4, that is a smooth embedding. Define 

A = tpo{{z G D : |z| < 1 - e}) 
^ ^ B = ^'-i((/)((l - e,l] X R/Z)). 

We claim that AnB = If not then *((^o(^*)) = ^9*) for some |z*| < 1 - e 
and some r* > 1 — e. Note that 

0((1 - e, 1 - £2] X R/Z) = *((,3o({l - e < |z| < 1 - 62})), 

in view of STEP 1 and STEP 4. Thus we must have r* > 1 — £2 because ipo is 
injective. By condition (3) in STEP 4, ^{r*,'d*) e ^'-^(R/Z x B^^). We know from 
STEP 3 that *-i(R/Z x B^^) n X>o C ¥'o({|2| > 1 - e}). This proves ipo{{\z\ < 
1 — e}) n (/Jo({|^:| > 1 — e}) ^ 0, a contradiction since (po is 1-1. 

Now we claim T?i := i? is a smooth embedded disk spanning the orbit P and 
satisfying conditions (1) and (2) from ProDOsition l5.1l In fact, the map F obtained 
in STEP 1 preserves r-slices. Then Vi is a smooth embedded disk since F maps 
(1 - e, 1 - £2) X R/Z diffeomorphically onto itself and o 0o F(r, ■&) = ipo{re''^'"^) 
for (r, i9) G (1 — e, 1 — £2) X R/Z. Condition (1) in Proposition 15.11 follows from the 
definition of eg ^^^d from e < eg. Condition (2) follows from the properties of the 
map h proved in Lemma 15.31 Proposition 15.11 is now proved. 



5.2. The Bishop Family. From now on we suppose A is a contact form on a 
3-manifold M and P is a non-degenerate, unknotted and simply covered periodic 
Reeb orbit. Following [TS], we construct a Bishop family of J-holomorphic disks in 
the symplectization R x M. We orient a;(R) along the Reeb field and let Vq C M 
be an embedded disk with dVo = a;(R), orientations included. By Proposition [5lT] 
we obtain another embedded disk Vi spanning the orbit P with special properties 
near the boundary. These properties will be crucial for the proof of Theorem 12.41 
If /i : D — ^ M is a smooth embedding such that h(D) —Vi, we will consider the 
transverse unknot I and the disk F given by 

I := h{{z e D : \z\ ^ 1 - e}) and F := h{{z e B : \z\ < 1 - e}) 

where < e <C 1. We orient I so that A It; > 0, and F accordingly. If e is small 
enough then sl{l, F) = sl{P, Vi) and i\p ^ TpVi, Mp e Vi\F. 
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5.2.1. The characteristic singular foliation. The contact structure ^ induces a (sin- 
gular) characteristic distribution 

(32) ^ n TF C TF. 

Generically these are hues since ^ is maximally non-integrable, except at the so- 
called singular points, where ^ = TF. Given a smooth function iJ on a neighbor- 
hood of F, having F inside a regular level set, the equations 

(33) ivX = 0, ivdX = {iBdH)\ - dH 

define a vector field V tangent to both F and the contact structure ^\f. The zero 
set of V is precisely the singular set of ^ n TF. Clearly V does not vanish over 
dF — I since I is transverse to ^. All these facts are standard, see [TS] and |16) . 
The integral lines of V define the so-called characteristic singular foliation of F. 

5.2.2. A convenient spanning disk for P. Let dvol be a smooth 2- form on 2?i defin- 
ing the orientation induced by the Reeb vector along dT>i — a;(IR). We have two 
symplectic bundles over F, namely {TF,dvol) and {^\F,dX), and F is a section of 
both. Perhaps after changing H hy —H in we can assume V points out of F 
at dF. One can, as done in [15] and [16], use the topological information of both 
bundles in order to understand the zero set of V . 

The singular distribution ([5^ is said to be Morse-Smale if so is V . One can show, 
see [S], that F can be C°°-perturbed, keeping dF fixed, so that its characteristic 
distribution becomes Morse-Smale. This perturbation can be arbitrarily C°°-small. 
V becomes a non-degenerate section of TF and, consequently, also of ^|_f. We 
assume this is done and examine a zero p G F oiV . Let o and o' be the orientations 
of TF and induced by dvol and d\ respectively. The zero p has two associated 
numbers e and e' (both equal to ±1), namely, the intersection numbers of V with 
the zero sections Otf and of TF and ^|^-, respectively. Let oi and 02 be the 
two eigenvalues of the linearization DV\p € GL{TpF = ^|p). The zero p is elliptic 
if 0x02 > 0, or hyperbolic if 0102 < 0. An elliptic point is nicely elliptic if the 
eigenvalues are real. These notions relate to the bundle TF. If p is elliptic then 
e = 1, if p is hyperbolic then e = —1. Now, following |9j, we relate them to the 
bundle £,\f. The zero p is positive if o = o' and negative if o = — o'. We have e' = 1 
if DV\p : {TpF, o) — )■ {TpF, o') preserves orientation, which will be the case when p 
is elliptic positive or hyperbolic negative. It is also clear that e' = — 1 if p is elliptic 
negative or hyperbolic positive. Denote 

number of positive elliptic points 
number of negative elliptic points 
number of positive hyperbolic points 
number of negative hyperbolic points. 

In view of the formula ^ for the self-linking number, and of standard degree theory 
(see the proof of Proposition 12. ip , one has 

- sl{L F) = V e' = e+ - e~ - h+ + h' 

(34) V, ; ^ 

1 = x{F) = ^e = e+ + er - h+ - h- 
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where the sums are taken over the (non-degenerate) zeros of V. We used the fact 
that V points in the outward normal direction of the disk F at its boundary and 
hence pushes it off from F. 

We state the following proposition which can be extracted from |15| . 

Proposition 5.4 (Giroux and Hofer). The disk F can be smoothly perturbed, keep- 
ing I = dF fixed, so that its singular characteristic distribution satisfies the following 
properties. 

(1) It is Morse-Smale. 

(2) All its elliptic points are nicely elliptic. 

(3) It has no trajectories connecting an elliptic point to a hyperbolic point of 
the same sign. 

(4) It has no closed leaves. 

(5) h+ = e- = 0. 

This perturbation can be made C'^ -arbitrarily small. Moreover, it can be made C°° - 
arbitrarily small on a neighborhood of dF. 

It is crucial for the above statement that ^ is tight, so that no closed leaves arise 
when perturbing F. The proof that /i+ = e~ = is carried out in section 3 of |16) . 
more precisely, they show that (5) is implied by (l)-(4). 

From now on we assume the disk F was perturbed using Proposition 15.41 The 
compact strip S := {Vi \ F) UdF has two boundary components, namely x{M.) and 
dF. Recall that TpS ^ for every p S S. Since the perturbation using the above 
lemma can be arbitrarily C°°-small near dF , we can obtain a smooth embedded 
disk, still denoted by T)\, constructed by joining F with S along dF , and smoothing 
it out near dF . This smoothing process clearly has support arbitrarily near dF . The 
singular distribution ^ n TT)\ has the same singular points as F. If sliP, T>o) = —1 
then sl{l,F) = —1, by the invariance of the self-linking number under homotopy 
through transverse knots. Equations ()34p and the above construction imply = 1 
and h~ = 0. This follows from e~ = h'^ = 0. Summarizing, we proved 

Theorem 5.5. Let M be a closed 3-manifold with a tight contact form X. Let P = 
{x,T) be a non- degenerate, unknotted, simply covered, periodic Reeb orbit. Suppose 
there exists an embedded disk Vq C M satisfying dT>Q — x{M.) and sI{P,'Dq) — —1. 
Then there exists an embedded disk T>i spanning P , arbitrarily -close to Dq, such 
that the singular characteristic distribution ^nTPi has precisely one positive, nicely 
elliptic singular point. In addition, there exists a neighborhood O <zT>i of d'Di such 
that Rp ^ TpT>i for every p ^ \ dT>i, where R is the Reeb vector associated to X. 

5.2.3. One last perturbation. Let T>i be the disk given by Theorem 15.51 and fix a 
smooth embedding /i : D — ^ AI such that /i (D) = T>i . By Proposition 15.11 there 
exists 6 > such that 

1 - (5 < |z| < 1 ^ n r/,(,)i?i = {0}. 

Consider the set 

X = {fe C^{n,M) : 1 - 5 < |z| < 1 ^ f{z) = 

Then X is closed in the complete metric space C°° (D, M) endowed with the C°° 
topology. Hence it is also a complete metric space. For a fixed non-trivial periodic 
Reeb trajectory y : R — >■ M we define 

Xy:^{f^X: y(M) C /(D)}. 
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By the definition of S and the properties of Vi we have 

y(M) ^ xiR) and f e Xy ^ yiR) C /({|z| < 1 - 6}). 

It is easy to show Xy is open and dense in X if j/(M) ^ x{M.). Let us assume 
every contractible closed Reeb orbit P' — {x\T') is non-degenerate. There are 
only countably many such P' . It follows from Baire's category theorem that 

: P' = ix',T') is contractible, x'{R) x{R)} 

is dense in X. Hence, by an arbitrarily small C°°-perturbation supported away 
from dVi , we may assume that our disk 2?i contains no periodic Reeb orbits other 
than x(R). 

5.2.4. Filling by J -holomorphic disks. We now recall a construction done by Hofer, 
Wysocki and Zehnder in 15^ and [TB]. Let M, ^, A and P satisfy the hypotheses of 
Theorem 15.51 Let e be the (unique) singular point of the characteristic foliation of 
Vi and denote = 2?i\{e}. Recall that e is a nicely elliptic singularity. Following 
[16], consider for each J S J{S,, d\\^) the boundary value problem 

' u = {a,u) e C°°(D,R X M) 
dj{u) = 

u{S'^) C Pi \ {e} and a\si = 
u\si winds once positively around e in I?i 
u is an embedding 
^ -u : (©, 5^) (R X Af, {0} xVl)ifi homotopic to e 

M{J) := {u € C°°(D,R X M) : u solves ([35])}. 

Here dX) denotes the set of dA-compatiblc complex structures on ^ and J is 
given by jS]). 

Theorem 5.6 (Hofer, Wysocki and Zehnder). Let the closed 3-manifold M he 
equipped with a tight contact form A. Assume every contractible closed Reeb orbit 
P is non- degenerate, Ci(^) vanishes along P and ^cz{P) > 3. Let P = {x,T) 
be an unknotted, simply covered periodic Reeb orbit satisfying sl{P,disk) = — 1. 
Suppose Vi is an embedded disk spanning P such that its characteristic foliation 
has precisely one positive nicely elliptic singular point e, and that'Di\x{R) contains 
no periodic orbits. There exists J £ J^{CidX\^) for which the following holds. The 
disk T>i can be smoothly perturbed on an arbitrarily small neighborhood of e so that e 
still is the only ( nicely elliptic ) singularity of the characteristic foliation. Moreover, 
there exists a smooth 1 -parameter family {-u* — (a*, M*)}fg(o,i) C M{J) satisfying: 

(1) converges in C°° to the constant map (0, e) as t ^ 0. 

(2) There exists 77 > such that 

limsup [sup{|(i-it*(z)| : 1 — 77 < l^l < 1}] < 00. 

Here the norms are taken with respect to euclidean metric on D and to any 
R-invariant riemannian metric on R x M . 



(35) 



and set 
(36) 
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(3) Given any t„ — > 1^ there exists a subsequence tn- such that if we define 

r {z G D : such that zj — > z and {zj)\ — >■ oo} 

then f/=T = 1 and F C D. Moreover, one can find a sequence gj G Mdb(Jl>) 
such that o g^ — > fp in C'(^^{^ \ {0},R x M) where fp is the map 

^^^^^ " (^^°^'^''^ (^^^^"^ 

In particular, the loops u*"^ o gj(e*^'^*) converge to xt in C°°{S^,M). 

(4) u\0)f^x{W) =0, ViG (0,1). 

Here M6b(D) denotes the group of holomorphic diffeomorphisms of D. The 
arguments for proving Theorem l5.6l are very dehcate and we refer to 161 for details. 



5.3. Obtaining the fast plane. Suppose now we are under the assumptions of 
Theorem 12.41 Let Vi be the smooth embedded disk spanning the orbit P — {x,T) 
obtained by Theorem l5.5l As explained in Subsection 15 .2 . 3] we can assume, in addi- 
tion and without loss of generality, that Vi contains no periodic Reeb trajectories 
other than x(M). Consequently we can apply Theorem l5.6l to obtain a 1-parameter 
family {u*}te(o,i) of solutions of (|55|) . Select a sequence i„ — >■ 1+ and denote 

U*" = Un = (a„,u„). 

Theorem 15 .61 tells us that, after selecting a subsequence, we can assume there exists 
5„ G M6b(]D)) such that i2„ o g„ fp in C^^{B \ {0},R x M). Replacing iin by 
Un ° g-n we assume gn = id Vn. 

In the following we denote fp{z) ~ {d,w) ^ R x M and follow [18] closely. The 
bubbling-off point has a well-defined mass 



m(0) = lim lim / u*c?A. 



This limit exists since 



me(0) = lim / M*(iA = lim / ii*A = / w*X 

is a continuous, increasing and positive function of e. This shows m(0) = T. If we 
define {zn} C D by 

(37) a„{zn) ^ mi an 

D 

then Zn ^ 0- Choose (5„ > so that 



/ <dA = m(0)- J-T- J >0 



where 7 is the constant It follows easily from the definition of m(0) that 

5n ^ 0~^. Now define 

Vn{z) = {bn{z), Vniz)) := (a„(2:„ + SnZ) - a„(z„ + 2Sn), Un{Zn + 5nZ)) 

for z G i3^-i^^_|^^|-j(0). By standard arguments, we know 

F := {z G C : 3(„ -> z such that \dvn{C,n) \ — ^ 00} 

is finite and F C D. Moreover, there is a subsequence, still denoted by {«„}, with 
uniform gradient bounds on compact subsets of C \ F. Thus we have C/^^-bounds 
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since -D„ (2) e {0}xAf. Standard elliptic boot-strapping arguments give C^'^^-bounds 
for the sequence u„ on C \ F. A particular subsequence, again denoted {un}, niust 
have a J-holomorphic limit 

(38) C = (6,w) : C\f ->R X M 

in C^^iC \ f , M X M) satisfying 

E{v) < limsupi?(u„) < area\{'Di) < oo, 

where 



areax(T>i) = sup 



: ?7 C I?i is open 



dX 

lu 

The following important lemma can be extracted from 16 . Note that very similar 
arguments were used to prove Lemma |4. 171 above. 

Lemma 5.7 (Hofer, Wysocki and Zehnder). The map v i38]) satisfies the following 
properties: 

(1) E{ij) > and J^^f,v*dX > 0. 

(2) All punctures z e F are negative and oo is the unique positive puncture. If 
f 7^ then € f . 

(3) V is asymptotic to P ^ i^^T) at the puncture oo. 

Proof. We only show here that J^^f, v*dX > and that G f if f 0. The other 
properties follow from arguments easily found in the literature, see [18j for example. 
This is the so-called "soft-rescaling" . Arguing indirectly, suppose F 7^ and ^ F. 
Then 3zo G C \ F : b{zo) < b{Q) — 2 since every puncture in F is negative. Hence 
bn{zo) < 6„(0) — 1 if n is large. Consequently a„(z„ + SnZo) < a„(z„) — infp a„ for 
large n, a contradiction. This shows € F if F ^ 0. 

Let TT : TM ^he the projection along the Reeb direction, li n-dv = then we 
can apply Lemma l4.6l to find a non-constant polynomial p and a periodic orbit P — 
(x,f) such that p-i(O) = f andw = f^i^t)°P- Here /(^^f ) (e2'^(''+'*)) = {fs,x{ft)). 
Let k := degp. Since v is asymptotic to the orbit P at the unique positive puncture 
00, we must have (x, T) — (a;, kT). Thus x = x and fc = 1. In fact, if fc > 2 then T 
is not the minimal period of x, contradicting our assumptions on P. Consequently 
we must have p{z) = Az + D andt = {-D/A} C D for some A e C*. Thus D = 
since g F. We now get the following contradiction 



(39) r= / v*X^ lim / <A = T-7/2. 



□ 



Remark 5.8. Further bubbling-off analysis would reveal an entire bubbling-off 
tree. The first level of this tree has only one vertex representing the sphere v. All 
this is showed in [TB] via the so-called "soft-rescaling" . We shall not make any use 
of these facts. 

We fix a small tubular neighborhood U of a;(M) and a non- vanishing section 
(40) Z:U^£,\u satisfying x*j.Z e Pp. 

Here (5p is the special homotopy class of non-vanishing sections of x^pS^ discussed 
in Remark 13.31 Theorem 15.61 tells us that the sequence of loops t i-> M„(e'^'^*) 
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converges in C°° to xt- Thus Un{S^) C U for 1. By Lemma lOl the sections 
1 1-^ Z o u„(e'^'^*) extend to non-vanishing sections 

(41) Z„ : B ^ 

As usual, TT : TM — ^ denotes the projection along the Reeb direction. 

Lemma 5.9. If n is large enough then the sections tt • dun do not vanish on D. 

Proof. In view of Theorem 15.51 there exists a neighborhood O C I?i of dVi such 
that Rp ^ TpVi for every p G O \ dVi. There exists no G Z+ such that n > no 
implies Un{S^) C O. We can, of course, assume O C U. From now on we consider 
only n > uq. For every z the linear map tt • dun(z) does not vanish. In fact, 
TT • dun{z) has rank or 2, since it satisfies 

(42) TT • dUn{z) ■ i — J ■ TT ■ dUn{z). 

Denote d0Un{z) = ^ u„(e*^'^^z). The strong maximum principle tells us 
dgUn{z) ^ 0. If the rank is zero then deUn{z) G Mi? n T^^i^^-^iVi). This is a 
contradiction with m„(2;) S O and shows rank tt • dun{z) = 2, Vz € S"^. 

Let X + iy he usual Euclidean coordinates on D. Since the tt • dun satisfy (j42|) 
we compute 

(43) wind(t TT • a^u„(e*^'^*),t tt • a9U„(e'2''*), J) = wind(l, ze'^Trt^ ^ 

Recall the section V of ^l^^ n TVi from dM]). We claim tt • ae'u„(e'27rt) ^^^^^j 
F(M„(e*^'^*)) are not parallel, for every t e M. In fact, suppose 3c € M such that 

^- {deur,{e'^^') - cV{ur,{e'^^'))) = 

^ 50M„(e*2^*) - cF(u„(e'27rt)) ^ r„,^(e,2,t)X>i n Mi? = {0} 

5ew„(e^2.*) = cV{un{e'^^')) 
^ X{ur,{e'^^*))-deun{e'^^*) = 0. 

However, by the strong maximum principle, we have A(u„(e'^'^*)) • 9eM„(e*^^*) > 0. 
This is a contradiction. We proved 

(44) wind(t h-> TT ■ dgunie'^'''), t ^ V {un{e'^'^*)) , J) = 0. 

The section V of £,\x>i has a unique simple positive zero inside By Lemma 
the section Z\qx>i extends to a non- vanishing section of It follows from stan- 
dard degree theory that 

(45) wind(i ^ V{x{Tt)),t ^ Z{x{Tt)), J) = 1. 
Consequently wind (t V o Un (e*^'^*) ,t i-^ Z o Un (e*^'^*) , j) — )■ 1, proving 

(46) wind {t^Voun (e*^'^*) ,t^ Zoun (e'^^*) , j) = 1 if n > 1, 
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because winding numbers are Z- valued and u„ (e*^'^*) converges in C°° to x{Tt). 
Now recall the non- vanishing sections Zn of w*^ (|4T|) and compute, for n ^ 1, 

wind {ti^n-d^Un (e*^''*) , t ^^ Z„ (e^^''*) , j) 

= wind (t t-^ TT • 9:,u„ (e*2^*) , t tt • (e'^''*) , J) 
+ wind (t TT • {e'^'"') ,t^Voun (e*^''*) , j) 
+ wind {t^Vo un (e*^^*) Zoun (e*^''*) , j) 
= -1 + + 1 = 0. 

The last line follows from P5|) . (HU and (|46l) . This proves the algebraic count of 
zeros of the section tt • dxUn on D is zero. Since zeros count positively (this follows 
from (21])) we conclude tt ■ dxUn never vanishes on B, if n S> 1. □ 

We write F = {z2, ■ ■ ■ , z^} and zi — oo. The map v was obtained by bubbling-off 
analysis of the disks {t„, following a standard procedure described in [T5]. Further 
bubbling-off analysis would reveal an entire bubbling-off tree. As is well-known, 
it follows from this procedure that there exist contractible periodic orbits {Pj = 
{xj, rj)}j=i...Ar such that v is asymptotic to Pj at Zj as in Definition 13. Ill Pi = P 
by Lemma 15.71 We used the ongoing assumption that every contractible orbit is 
non-degenerate. We know Pj e V* Vj, by hypothesis. There are distinguished 
homotopy classes /3j = Pp. e Sp- induced by capping disks for the maps Xjj, , as 
explained in Remark 13.31 We can find, see Remark 13.61 small open neighborhoods 
Uj of and non- vanishing sections Zj of S\u. such that Xj^Zj £ (3j. Here /?i 

is the class /3p from ([40)) and we set Zi = Z. 

By Lemma [4.121 the sections {Zi o u}j=i...Ar, defined only on neighborhoods of 
{zi}j=i,,,N in C U {oo}, can be extended to a non-vanishing section B of the (sym- 
plectic) bundle v*£^ C \ F. Let 6 be the homotopy class of B. 

Lemma 5.10. ?/;m(ioo(t', (5, oo) = 1. 

Proof. We can assume 1 1— ^ i;(i?e'^'^*) converges to f i— ^ x{Tt) in C°°, as i? — > +oo. 
Let z = re^'^^^ be polar coordinates centered at 0, and z — z„ = pe*^'^'^ be polar 
coordinates centered at z„. Here z„ is the sequence defined in (j37p . There exists 
i?o > 1 such that r > Rq imphes ^(re'^Tre) g [/ • dw(re*2^**) and B{re^'^''^) = 
Zoii(re*^^^). This follows from Lemma [5771 Theorem l3 . 1 31 and from the asymptotic 
behavior described in Definition 13.111 We compute for i? 3> i?o 



wind ( TT • — 
dr 



v{re''),B{Re''),J^ 



windlTT--^ vire'") ,Zov{Re"') ,J 



dr r=R. 

= lim wind tt • — 

n->+oo Y dr 

d_ 

dp 



r=R 



= lim wind 



P=RS„ 



{re''),Zov„ {Re''),J^ 

(zn + pe*"^) ,ZoUn (zn + SnRc"^) , J 



All windings are taken with respect to angular variables. 
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CLAIM: If 71 > 1 then 
d 



wind TT ■ 



dp 



= wind TT • — 
\ dp 

Here Z„ are the sections ([1T| 



P=-R<5„ 



J-n {zn + pe"^) , Zn {zn + 5nRe"^) , J 



Proof of CLAIM. If n > 1 then the loop ip ^ u„ (z„ + RSne"f) = ^;„ (Ee*"^) is 
arbitrarily C°°-close to the loop ip i-^ v (^Re'^'^) , which can be made arbitrarily en- 
close to the loop t I— >■ x{Tt) if R is fixed large enough. By Lemma [3.41 the section 
(fi 1-^ Z (un {zn + RSnG^'^)) extends to a non-vanishing section of u'^S,\{\z-z„\<RS„}- 
Consequently it does not wind with respect to (/? i— > Zn (zn + SnRe^''^)- O 

It follows from Lemma 15.91 and from the above claim that 



lim wind tt ■ — 

n^+oo \ dp 



P=RS„ 



Un (zn + pe"^) , Z O Un (zn + l5„i?e"^) , J 



— lim wind tt • — — 

n-i.-1-oo \ dp 



p=RS„ 



Un {zn + Pe"^) , Zn (z„ -|- 6nRe'"^) , J 



= lim wind tt • — 

n-i.+oo \ dr 



Un {re''),Zn{e'') ,J 

Un {re''),ZoUn {e''),J^ 

Un (re**),7r-a,u„ (e*«) , J 
+ wind (tt • d^un (e*'') , Z o m„ (e*'') , j) = 1 + = 1 



lim wind tt • — 

n^+oc y dr 

lim wind ( tt ■ — 

ri^-l-oo \ dr 



□ 

Let V be the finite-energy sphere obtained from Lemma 15.71 If F 7^ then 
Lemma [5. 101 and Lemma |4 . 1 5 1 provide a contradiction to ^J^cziPj) > 3 Vj > 2. We 
showed F = 0. Consequently w is a finite-energy plane satisfying windoo(?^) < 1. 
By Lemma 13.191 we must have windoo(w) = 1. By Lemma 15.71 v asymptotic to 
the orbit P at the puncture 00. We must now show that v is an embedding. To 
that end we argue as in Subsection 14.71 The map v must be an immersion since 
wind^({i) = windoo('5) — 1 = implies tt ■ dv does not vanish. Thus, if it is not an 
embedding, we find self-intersections. Let A be the diagonal in C x C and consider 

D = {(zi, Z2) e C X C \ A : i{zi) = i{z2)}. 

If D has a limit point in C x C \ A then we find, using the similarity principle 
as in [23], a polynomial p : C C of degree at least 2 and a J-holomorphic map 
/ : C — > K x M such that v = f o p. This forces zeros of dv, a contradiction. Thus 
D is closed and discrete in C x C \ A. By stability and positivity of intersections 
of pseudo-holomorphic immersions we find self-intersections of the maps Un for 
large values of n if 7^ 0. This is a contradiction since each Un is an embedding. 
Theorem 12.41 is proved. 
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6. Fredholm theory 

Our goal in this section is to prove Theorem 12.31 

6.1. The asymptotic analysis for Bq. In order to understand the asymptotic 
behavior of finite-energy surfaces near non-removable punctures we need the fun- 
damental analytical tools from TT . The next three statements can not be explicitly 
found in the literature, but the proofs are completely contained in [TT], see also [2] 
and the appendix of 2 . We include the arguments in the appendix for complete- 
ness. 

We denote Z = K x S'\ Z+ = [0, +cx)) x and 

-Ir 
./r" 



Jo 



])2nx2n 



where n will be clear from the context. We always identify = R/Z. 

Theorem 6.1. Fix I > 3. LetS{s,t) : Z+ -^R-^kx2k ^^(ji andN{t) : ^ R2fcx2fe 
he smooth. Suppose N{t)'^ — N{t) Vi and 

lim sup e'^' \D''[S{s,t) - N{t)]\ = V|7| < / 

for some d>0. Denote Ln = -Jodt - N{t). If C{s,t) e C'(Z+,M2fc) satisfies 
Cs + JoCt + S'C = and limg^+oo sup^ggi e'*" |C(s, i) | = 

then either ^ = or the following holds: 3sq > 1, < and a smooth vector 
e : ^ M^fe \ {0} satisfying Latc — fie such that 

(47) C(s,i) = e-^=>^'^''(e(t) + i?(s,t)) 

*/ s > Sq. The functions a and R are C'~^ and satisfy 
lim \D' [a{s) - Ai] I = Vj < / - 2 

^ ' lim sup|i:)'^i?(s,t)| === VD'' = mt/i |7| < 2. 

Lemma 6.2. Let K : Z+ M.^kx2k X : Z+ ^ M^fc smooth functions 
satisfying 

(49) Xs + JaXt + KX^Q. 
If 

(50) sup2+ |L»''ii:(s,t)| < oo, V7 and lim^^+oo supjggi e'*"' |X(s, i)| = 
for some d > then 

lim supe'^''|i:»^X(s,t)| = V7. 

Lemma 6.3. Let X, h : Z+ — )• M^*^ he smooth functions satisfying 

Xs + JoXt = h 

(^^) lim sup e"^" \D''h{s,t)\ = 0, V7 and lim sup \X{s,t)\ = 0, 

/or some > 0. Then 3r > smc/i f/iaf 

lim supe'''\D'^X{s,t)\^Qy-f. 
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6.2. The asymptotic behavior. Let P = {xo,To) be a periodic Reeb orbit with 
minimal period Tmm > 0. Set k To/Tmm G Z+ and write Pmin = ixo,Tmin)- 
We choose a Martinet tube 

* : [/ ^- R/Z X B 



for P, as described in Definition 13.51 Here U is an open tubular neighborhood of 
xo(R) in M and B C is an open ball centered at the origin. We equip M/Z x 
with coordinates {0,z — {x,y)). The contact form is represented as fXo, where 
Xo = d9 + xdy and / satisfies /|r/zx{o} = T^mn and rf/|R/zx{o} = 0. The bundle 
is framed by and —xde+dy. Setting ei — f^^^^dx and 62 = f^^/^{—xde+dy) 
then {61,62} is a c?A-symplectic for C|Pmin- We denote by 

the homotopy class of t G M/Z dx\(kt,o)- The Reeb vector field is locally written 
as 

1 
7 



(52) i?= (i?i,i?2,i?3) ^^{f + xfxjy~xfe,-fx)- 



Moreover, dX = Tmindx f\dy on ^|p„i„. We lift the variable to the universal cover 
M. Since the Reeb fiow 0t preserves A and Cl(e.o) — x V6' we can write 



(53) 7?0T„„t(O,O) 



1 

^{t) 



in these coordinates. Here : R — > Sp(l) satisfies (/?(0) = / and represents the 
linearized Reeb flow restricted to ^ along the curve xo{Traint)- The matrix D(j)t 
satisfies 

j^DMO,0) = DR{T-Jj,0)DMO,0)- 

If we set Y = (-^2,-^3) then T„iinD2Y{t,0) = ipip~^- The periodic orbit P is non- 
degenerate if, and only if, det [(p{k) — I] ^0, that is, t^^*^' € S* where ip^^^ (t) = 
ip{kt). Moreover, ficz {P, 13$) = m(¥''''^)- 

Let J be any dA-compatible complex structure on ^. Then J can be represented 
by a 2 X 2 matrix 



(54) Ji0,x,y) 



Jii J12 
J21 J22 



using the frame {ei, 62}. J induces J on R x M by ([5]). 

Suppose u = (a, u) : (C, i) ^ (R x M, J) is a finite-energy plane. We write 
u(s, t) = u (^e2'^(*+'*)) . For the moment we only assume 3cr, d G R such that 

lim u{s,t) ^xo{nit + d)) in C"(S'\M) 

f55) 

^ ' lim sup |a(s, t) - T^s - cr| = 0. 

Then u{s,t) G U for s large enough and we have well-defined maps 

w{s,t) := ou{s,t) = {9{s,t),z{s,t)); z{s,t) := {x{s,t),y{s,t)) 
^ ' w{s,t) = {a{s,t),w{s,t)). 

TheoremlHSland ^ imply that u{s,t) xo{To{t + d)) in C°°{S^,M) as s ^ +00. 
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We can write Y = Dz where D{6, z) = D2Y{6, Tz)dT. The Cauchy-Riemann 
equations dii ■ i = {J o u) ■ du become 

r as-{fow){9t^xvt) = 

\ 9, + {fow)-^at + xys = 



(57) 



Zs + {J o w)zt + Sz = 



and 
(58) 
where 

(59) S{s,t)^[atl-asiJow)]Dow. 
We refer to [TT] for more details. 
Lemma 6.4. If u satisfies S55\} then 



(60) hm sup 



D''[wis,t) - {Tas + a,kt + kd,0,0)] 



yo'' ^ dTd7\ 



The proof is exactly the same as that of Lemma 2.4 from [TT] and is omitted. 
We need one more computation: tt • dsu{s,t) = U{s,t)dx + V{s,t){—xde + dy) 
where 



(61) 
and 



'U{s,t) 






V{s,t) 







A{s,t) 



6s + xys 
I 



^Ais,t) 

fy - xfg 
fx 



The values of / and its partial derivatives are evaluated at w{s^t) = vj/ o u{s,t). 
Since d/ = on M/Z x {0} we can use Lemma to obtain |A| — o{\z{s,t)\) as 

S — >■ +0O. 

Lemma 6.5. Suppose u satisfies i55\). Then u has non- degenerate asymptotics as 
in Definition \3.12\ if. and only of, 3b > such that e^^ |z(s,t)| is hounded. In this 
case 3r > such that 



(62) 



lim sup e^ 



D^[w{s,t) - (Tos + CT, fci + fed, 0, 0)] 



^D^ = d2^d]\ 



The technical proof is postponed to the appendix. The arguments are essentially 
found in section 4 of . We include them here since Lemma 16.51 is not proved 
in [11] and is crucial for our results. 

For the remaining of this subsection we assume, for simplicity, that a ~ d ~ Q 
in dSSl). Write N{t) = -ToJ{kt,0)D2Y{kt,0). Lemma EH implies 

(63) lim sup e''" \D'^[S{s,t) - N{t)] \ = V7 

for some r > 0. The identity 

{^J{kt, 0)dtip^''^ - iV(i)(^('=))[^(^)]-i = -T0JD2Y + T0JD2Y = 
shows that 

(64) - J(H, 0)c't(^('') - 7V(t)(/j('=) = 0. 
By ([M)) the operator 

(65) Ln -J{kt, Q)dt - N{t) 
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represents the asymptotic operator Ap in the dA-symplectic frame {61,62} of ^|p. 
Moreover, N{t) is symmetric with respect to the inner-product (•, — Jo J(fct, 0)-). 
Here we denoted by (•, •) the standard euclidean inner-product on M^. In fact, it 
follows from ([52]) that JoD2Y{e,0) = V^f{0,O) V6'. 

The proof of the following corollary of Theorem 16.11 is found in [11] , and is 
included in the appendix for completeness. 

Corollary 6.6. If the finite- energy plane u has non-degenerate asymptotic behavior 
at 00 either 2(5, <) = or it has the form 

(66) z(s, t) ^ 6^ (e(i) + i?(s, <)) 

where /i < and the smooth vector e : K/Z — !■ \ {0} satisfies Lp^e — fie. Here 
Lj\j is the operator i65]) . The functions a and R satisfy ^8\ l. In other words, 
fi £ a{Ap)n{—oo,0) and e(t) represents an eigenvector of Ap in the frame {61,62} 
discussed in Remark \3.b\ 

Lemma 6.7. Define (;{z) :— e\ o u[z) for \z\ ^ 1 and write = <; (e^'^*^*+**^) . 

TT-du{s, t) does not vanish identically if and only if z(s, <) 7^ for s 3> 1. Moreover, 

lim wind{TT ■ dsu{s,t),<;{s,t), J) — lim wind{z{s, ■)) . 

S— T' + OO s— f-hoo 

Proof. The lemma is an easy consequence of ((6T|) and ([66]) since |A| — o{\z{s,t)\) 
as s — ?> +00. □ 

Given any (3 £ Sp we recall the winding numbers {n, /3) G Z associated to 
eigenvalues oi Ap. Those were defined in [12] and are discussed in section |4j 

Lemma 6.8. // the finite-energy plane u — (a, u) has non- degenerate asymptotics 
and if fip — Pu then windoa{u) = {fj,,/3p). Here fi < is the negative eigenvalue of 
Ap given by an application of Corollarv \6.6\ to the function z{s,t). 

Proof. If /3p = f3u then ^ extends to a non-vanishing section of u*^. □ 

Lemma 6.9. Letu — (a,w) be a fast finite- energy plane asymptotic to P = {xq,Tq) 
at the (positive) puncture 00. Suppose niu) > 3. Denote by (pt the Reeb flow and 
fix q M \ xq(M.). If the u-limit (a-limit) set of q intersects X{){M.) then Vn e Z 
3t > n (t < n) such that (ptiq) G u(C). 

Proof. This argument can be found in section 5 of [T^. Assume Tmin = 1 for 
simplicity. We only prove the first assertion. By Definition 11.101 we must have 
k — 1, P — Pmin and (p*^*^) — (/s'^^^ — ip. By Remark 13.61 we can assume /3p = Pu, 
which implies /i(</j) > 3. It follows from the geometrical characterization of the 
Conley-Zehnder index, discussed in Appendix [XI that 3r > such that arg(D(l)) — 
arg(D(0)) > 27r + r for every non-trivial solution v of (|109p . The number r is 
independent of v{0) 7^ 0. If a non-vanishing smooth vector e : M/Z C satisfies 
wind(6) < 1 then 

arg {ve\t=i) - arg {ve\t=o) > r. 
Iterating and using as initial condition the vectors v{n), we obtain 

(67) arg {ve\t=k+7i) - arg {ve\t=k) > nr 

whenever € Z and n G Z"*". Here arg is any continuous choice of the argument. 

Lift the 0- variable to the universal cover R and work with {0, z) S R x R^. Since 
the Reeb vector at a;o(0) = (0,0,0) is transversal to C|(o,o,o) = x we can use 
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the implicit function theorem to find i„ — > +00, {kn} C Z+ and {zn} C \ {0} 
satisfying k„ +00, z„ — >■ and ^ o <pt„{q) = (fcn,z„). By differentiabihty 
properties of the flow we know that VL > 3C > 0, no > 1 such that n > uq 
implies 

(68) * o (f>t+t^ (q) = (fc„ + i, (^(t)z„) + A„(i), Vt e [0, i] 

where | A„|ci([o,l],rxR2) < C|z„p. 

Let Lat = —J{t,0)dt — N'{t) be the representation of Ap in the frame {61,62}. 
Suppose 6 : M/Z — > C \ {0} satisfies LAr6 = fie and wind(6) < 1, for some ^ < 0. 
By Corollary 16.61 the function z{s,t) has the form ((66)) for such e{t). If n is large 
define s„ by e^-'^'o = |z„|~^ and set 

We can assume z„/|z„| — > z* G 5^. Consider the maps 

hn{s,t) := r„ (6'(s + s„,t) + kn, z{s + s„,i)) 
7„(i) := r„ o * o (f)t+t„{q)- 

It follows from ([66]) . Lemma [6.51 and (|68|) that 

K^h{s,t) := (t,6^^e(i)) inQ^, 
7nW^7oo(t) it,ipit)z*) inCL. 

It is an immediate consequence of (|67p that 7tx3 intersects the embedded surface 
/i (K X R) at some time t > 0. We now argue, following [17], that this intersection 
is transverse. 

For every G M the matrix J{6, 0) (|54p is a complex multiplication in com- 
patible with the standard area form dx A dy. This is so because the frame {ei, 62} 
is dA-symplectic over R/Z x 0. We find a 1-periodic smooth map 6 t-^ L{9) E Sp(l) 
satisfying JoL{9) = L{0)J{e,O). Set C(0 = L{t)(p{t)z* and = L{t)e{t), 

M{t) = {L{t)N{t) — JoL'{t))L{t)^^ . Viewing C, and E as complex numbers we 
set u{t) = C{t)E{t). Then - JqC' - MC = 0, -Jo^' - ME ^ fiE and 

-Jqu' = (MC)i? - C(aIe) - /iu. 

If 7oo intersects /i (R x R) at time t then u{t) e R, (AfC)i? - C{ME) is purely 
imaginary and the real part r of u'{iu)^^ is equal to — /i > 0. However r is the 
derivative of the argument of u. It follows that 700 intersects the embedded surface 
/i (R X R) transversely at time t. 

As consequence we obtain (transverse) intersections of 7„ with the surface ft,„ 
for n large enough, proving that 4>t{q) intersects the surface m(C) for t > tn- □ 

6.3. Predholm Theory. In this subsection we prove 

Lemma 6.10. Let u — (a, u) he an embedded fast finite- energy plane with asymp- 
totic limit Pq = {xo,To). Suppose /x({t) > 3. Then, for every I > 1, there exists a 
C' embedding / : C x 5^(0) — > R x M satisfying properties (1) and (2) listed in 
Theorem\2M 
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To is the minimal positive period of xo since u is fast. We write u{s,t) 



{a{s,t),u{s,t)) 
(69) 



u [e 



2ir(s+it) 



) and assume, without loss of generality, that 



lim u{s,t) = xo{Tot) in C°{S\M) 

1— >--t-oo 

lim sup \a{s,t) — Tqs] = 0. 



6.3.1. Normal coordinates at u. We work on a Martinet tube 5* (jl2l) defined on 
an open neighborhood U of the set a::o(M). We assume /?* — (3u and use all the 
notation from Subsection 16.21 Define the complex structure J on M x S*^ x S by 

(zdR X *)*J = J on M X C/. 

The basis {ei, 62} is a dA-symplectic frame for ^|[/. J is represented by 

-xf 



(70) 



i?3 



xf{J2lR2 + J22R3) 

—f{JiiR2 + J12R3) 

— f{J2lR2 + J22R3) 



-XJ21 X^f{J2lR2 + J22R3) ~ Xj', 



22 



Jll -xf{JiiR2 + J12R3) + Jl2 

J2I -xfiJ2lR2 + J22R3) + J22_ 

with respect to the basis {da,dg,dx,dy}, where J = {Jij) is the matrix ([54]) . Note 
that ([70)1 is independent of the first coordinate. For s large enough we have a 
well-defined map 

w{s, t) := [idvL X ^') {u{s, t)) = (a(s, t), e{s, t),z{s, t) = (x(s, t),y{s, t))). 
It follows from Lemma [6.51 that J{s,t) :— J(w{s,t)) satisfies 



= V7 









lim 




Jis,t)- 


s— ^-t-00 




for some r > 


0. 








-To 

























Jii{xo{Tot)) 


JuixoiTot)) 








J2i{xo (Tot)) 


J22{xo{Tot)) 



On 



X M we have projections 
is 



X M ^■ 



and ttm 



X M 



Af. 



The metric g'^ (|16p is R-invariant and J is a pointwise isometry with respect to 
g'^. Fix two non-vanishing smooth sections n and m of such that m = Jn. We 
can assume in addition that {n, m} is dA-symplectic since G'L(1,C) is homotopy 
equivalent to U{1). Then h = tt^/'t- and rh = Tr^fm are smooth sections of 7r]jj^ 
over R X [/ satisfying Jn — rh. Define 

h{s, t) = d{id^ X ^)u(s,t) ■ n o {((s, t) G x R^ c R* 



(71) 



m(s, t) = d{id^ X ^)ii(s,t) • m o u(s, t) G x 



C 



{t) = dvl'|3,p(7^„j) • n(a;o(Tot)) € R 
moo(t) = rf*Uo(Tot) ■ m{xo{Totj) e 
Lemma 16.51 gives 6 > such that 

lim s\xpe^''\D^[n{s,t)-{Q,h^{t)) 

S— >-|-00 CI 

(72) 



V7 



lim sup e*"* \D^[m{s,t) - (O,moo(t))]| = V7 



The bundle with fibers E(s.t) = ''^*MV\u(s,t) is smooth, J-invariant and transverse 
to Tu over [sq, +00) x 5'^ for a fixed sq > large. Thus we can assume there exists 
a smooth J-invariant subbundle L of {t*T(K x M) such that 



48 



UMBERTO HRYNIEWICZ 



(1) L = E over points z = e2'^(''+^*) with s > so + 1. 

(2) Nil over points z = e2'^(''+**) with s < sq + 1/2. 

Here Nu is the normal bundle to u with respect to the metric g". Nu is also 
J-invariant. Standard degree theory shows that there is precisely one homotopy 
class /3jv G Sp with the following property: the section h extends to a smooth 
non- vanishing section of L if, and only if, the section 1 1— n{xo(Tot)) is in class /S^r. 
From now on we assume this is the case and that n can be extended. We extend 
TO by m = Jh. The following non-trivial identity is proved in |13) 



(73) 



wind(/3Ar, J) 



-1. 



Now fix a metric g onRx M agreeing with (ids x \I>)* (^da^ + dO^ 
on M X U . Consider $ defined by 

$ : C X B' 

(74) 



dx^ + dy^ 



[ X M 

(z, u) H- ea::p{i(^)(win(z) + V2rh{z)) 

where exp is the exponential map associated to g and B' is a small open ball around 
e R^. We need to examine the map $ in more detail. Let us define 

(75) F{s,t,v) = {idK X 'f)o^(e^''(-'+''\v). 

By the asymptotic behavior of w, n and m there exists 6 > such that 

(76) lim e'"\D'>[F{s,t,v)~ F^{s,t,v)]\^Oyj 

S— >-t-C30 

where -^00(5, ^, w) — (Tos, i, wirioo(i)+f2'7ioo(0)- We used Lemma] 

(77) lim e'"\D''[DF - DF^]\ = V7 



In particular. 



where the smooth matrix 





(78) 



DFo.it, v) 



vi[h'^{t)]i + V2[m'^it)]i 
vi[n'^{t)]2 + V2[m'^{t)]2 







[noo{t)]i 
[nooit)]2 






>o(0]l 



is independent of s. Define J :— ^* J on C x B' and write 

(79) J(s,t,w) = J(e2"(^+**),?;) 
Note that 

(80) J(s,i,0) 



ji{s,t,v) Ai{s,t,v) 

A2{s,t,v) j2{s,t,v) 



Jo 
Jo 



since ut = Jus and m = Jn. 



Lemma 6.11. There exists a smooth map Jqo : x B' ^ R'*^'* a«d 6 > such 
that (Joo)^ = —J 

(81) lim sup e''"|i:>"[J(s,i,?;) - Joc(t,u)]| = Va 

for every compact set K d B' . 
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Proof. The lemma follows easily from the formula 

J(s, t, v) = DF{F{s, t, v))'^ ■ J(F(s, t, v)) ■ DF{s, t, v) 

and the estimates ([7S)) and ([77]) . where J is the matrix (|70l) . It is only important 
to note that J is defined on R x S"^ x i? and is independent of the first variable. □ 

6.3.2. The non-linear Cauchy-Riemann equations in normal coordinates. Wc look 
for smooth maps z i— ^ v{z) such that z i— > ^{z,v(z)) has a J-invariant tangent 
space. This is equivalent to 

(82) H{v) A.2{z, v) + j2{z, v) o dv — dv o ji{z, v) — dv o A.i{z,v) o dv = 0. 
In view of (|80p one can write 

ji{z,v) = Jo+ / i[{z,rv)dr ■ V ^ Jo + 5ii{z,v) ■ V 



j2{z,v) ^ Jo + / j2{z,rv)dr ■ V = Jo + Sj2{z,v) ■ V 

(83) 

Ai{z,v) = / A[{z,rv)dr ■ V = SAi{z,v) ■ V 
Jq 

A2iz,v) — / A2{z,rv)dr ■ V = dA2{z,v) ■ V 
Jq 

where the prime denotes a derivative with respect to the w-variable. Analogously 
we write 

5A2(z,w) = A^(z,0)+ / / A'^{z,rTv)rdrdT ■ V 

i»4j Jo Jo 

= C{z) + 6A'2{z,v)-v. 
Plugging dMl) and dHU into ^ we find 

(85) Jo ■ dv - dv ■ Jo + C ■ V + W{z, v,dv) -v = 

where 

W^(z, v,L) ■ u = [SA'2{z, v) ■ v] ■ u + [Sji{z, v) ■ u]L 

— L[5i2{z, v) ■ u] — i[(5Ai(z, v) ■ u\L. 

Note that C(z) and W{z,v,L) are linear maps — R^^^ for fixed {z,v,L), 
and (|85]) is an identity on 2 x 2 matrices. Let C{s,t) be the 2 x 2-matrix given 
by C{s,t)u = [C(e2^(^+"))u]at, and write II^(s, i;, L) = W{e'^-^'^''+'*\v, L). Then 
T/F(s,i,0,0) = and, by Lemma EUl 

lim sup e''W[C{s, t) - Coo(i)] = V = d]'d^' 
^^^^ sup \D^Wis, t, v,L)\<+ooy = d2'd]^d2'df 

where K is any compact subset of i?'xK^^^, 6 > and Coo{t) is some smooth matrix 
loop. Later we will need the following statement which is an easy consequence of 
the chain rule and the asymptotic behavior (j86p . 



Lemma 6.12. Fix m > 1 and suppose w : C — > B' solves H{v) = and satisfies 
lim sup e''" |i:''^u(s,t)| = V|7| < m 
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for some d> 0, where we write v{s,t) — w(e^'^*-''^'*-'). Then 
W^{s,t) := W{s,t,v{s,t),dv{s,t)) 

satisfies 

lim sup e''^ \D'''Wy{s,t)\ = V|7| < m - 1. 

6.3.3. The asymptotic operator and the Fredholm index. The frame {n,m} of 

is (dA, J)-unitary, that is, Jn = m and dX{n,m) = 1. The following important 
lemma is proved in |13) . 

Lemma 6.13. The matrix Coo{t) is symmetric. The solution t i— > ip{t) e 5*^(1) 
of — Jo'0' — CooV' = 0; "0(0) = I ! is the linearized Reeb flow restricted to ^ along 
t X(){Tot) represented in the basis {n, m}. In other words, the differential operator 
Lc^ = —Jodt — Cooit) represents the asymptotic operator Ap in the frame {n, m}. 

H is smooth in the following Banach space set-up defined in jl3] . 

Definition 6.14. Fix / e Z+, a e (0,1) and ^ < 0. The space Co"''^(C,M™) 
is defined in [13]. Introducing cylindrical coordinates z = and writing 

f{s,t) = f{z) for z ^ one says that / e Co'"''^(C, R") if 

(1) / e C''"(C,R"). 

(2) e-^-W^fis, t) G C°'°'{[R, +oo) x S'\ M") V |^| < ? and ReR. 

(3) lim;^^+^e-*«||l?^/(,s,t)||co,»([fl,+oo)xsi*") = V < I. 

R™) is a Banach space with the norm 

\f\l.a,S =lk ^ /(2)||c'.°(D,R™) 

+ \\{s,t) ^ e-*V(e'"<^+**))llc^"([-l,+oo)xS^K")• 
By (|5T|). defines a smooth map 

iJ : Co'"'''(C,B') ^ Co-^'"'''(C,R2><2) 

for / > 1. Clearly H{0) = and DH{0)C = Jq ■ dC - dC ■ Jo + C ■ (■ We will fix S 
later. The following theorem is proved in [1^, see also [30] . 

Theorem 6.15 (Hofer, Wysocki and Zehnder). If 5 ^ (t{Lc^) and 6 < then 
DH{0) is a Fredholm operator with index fi^ [Lc^) + 1 = /^^^(P, /3jv) + 1 = 

6.3.4. The choice of 6 <0. By the inequality fJ-{u) > 3 we can choose S so that 

(87) S e (-00,0) \a{Ap), (^.r>Aa)=2 and (j.f^/3s) = l. 

This follows from the characterization of ficz explained in Section^ For this choice 
we have Mcz(^> Pu) = 3. The index of DH{0) is 3 - 1 = 2, by Theorem|6lI3 

6.3.5. Automatic transversality. Let (. G ker_DiJ(0). Then 

0=[DH{0)C]dt^Cs + JoCt+CC. 
It follows from Theorem 16.11 that either C vanishes identically or 

as,t)=e^^'o^^^^''^ie{t)+R{s,t)) 
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holds for s > So ^ 1. Here e is the representation of an eigenvector for fj e 
(7(Ap) n (— cx),0) in the (unitary) frame {n,m}. The functions a and R satisfy 

Km |(5(s) — fjl = 
hm sup \R{s, t)\ — 0. 

s— ^4-00 f 

The definition of the space 

C^'"'''(C,R2) forces fj < S. The map C satisfies a per- 
turbed Cauchy-Riemann equation. By the similarity principle, it has only isolated 
zeros or vanishes identically, see [9]. Moreover, each zero counts positively in the 
algebraic count of the intersection number with the zero map z i— ^ (z, 0). The above 
asymptotic behavior tells us that if ( does not vanish identically then it does not 
vanish near oo. Standard degree theory implies 

< #{zeros of Cl = lim wind (C(i?e*^''*)) = wind(e(t)). 
By the choice of 5 < in (EH) 

< wind(g(t)) = {fj,M = (ry,/3s) + wind(/3s,/3Ar) < 1 - 1 = 0. 

Thus never vanishes or vanishes identically. If there are 3 linearly independent 
sections in ker£'_ff(0) then a linear combination of them would have to vanish at 
some point, which is impossible by the above discussion. This proves that DH{0) 
is surjective. 

6.3.6. Consequences of the implicit function theorem. We fix (5 < as in (j87l) and 
an integer Z > 4. 

Since the linearization DH{0) is surjective the implicit function theorem yields 
an open neig hborhood O C Cq'"' (C,R2) of 0, an open neighborhood C of 
and a smooth embedding t £ U i-^ v{t) £ O satisfying 

{v{t) -.t £U} = or\H-\o) 

DH{v{t)) is a surjective Fredholm map of index 2. 

Writing v(t){z) = v{t,z), the maps z i— <i>(z, 7j(r, z)) are not necessarily J- 
holomorphic. This is taken care of in the appendix of [13'. Analyzing a suitable 
Fredholm problem, fixing < e < 27r and possibly making lA smaller, it is possible 
to find a smooth function 

(89) T£U^ (Cr,Dr,(l)r(z)) G C X C X Cq^"'"' (C, M^) 

with the following properties: Cq = 1, Dq = 0, <f>o{z) = 0, 

(90) Tpr{z) = CrZ + Dr + (l)riz) 

is a diffeomorphism of C, and if we define 

f -.CxU ^Rx A4 

(z,r) ^ $(7/>^(z),i;(r,Vr(z))) 



(91) 



then the maps f{-,T) are J-holomorphic. 

For T £ U small, t £ S"^ and s ^ 1 we can define smooth functions 5* 
S{t, s, t) e M and T = T{t, s, t) £ by 

(92) e'-iS+rT) ^ ^^(g2.(.+»t)). 
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Denoting Ut — To(27r) ^ log \ Ct\ and dr = (27r) ^ arg Cr one easily verifies 

(93) lim e^^^|i?^[(5,r)-(s + a,/To,t + d,)]| =0V|7| 

S— J' + OO 

uniformly in (t, t), for max{(5, — e} < 6 < 0. Define 

Wr{s,t) = (idK X *)o/(e2-(-+^*),^) 

(94) = (idK X *) O $(e2-(5+«T)^ ^(^^ g2.(S+.T))) 

= F(5,T,«(r, 5,T)) 
where F is the map (|75p . We write 

Note that wo(s,t) = ^' o u (e2'^('*+»t)) and ao(s,t) = a (e2'^(''+**)) . 

Lemma 6.16. T/ie map / is C', and t;(r) is smooth Vr G Z//. 

Proof. / is C' because of the definition of the topology of Cq "'"^ (C, R^) and from the 
fact that T i-> v{t) is smooth. By the regularity properties of the Cauchy-Riemann 
equations each f{-,T) is a smooth map. Thus the graph 2: € C i— > (z,w(r)(z)) is a 
smooth submanifold of C x R-^. It follows that v{t) must be smooth. □ 

Remark 6.17. Each f{-,T) is a finite-energy plane with energy E{f{-,T)) — Tq. 
We also have 

lim 7TM o /(e2-(^+**),T) = xo{To{t + dr)) in C°{S\M) 
lim sup |a^(s, t) — TqS — (Tr I = 0. 



Consequently we can apply Lemma 16.41 to obtain 

(95) lim sup |i:)T[w^(s,i) - (ros + CT^,t + dr,0,0)]| = V7 Vr. 



6.3.7. The asymptotic analysis of fast planes. It follows from Lemma [6.5l and Corol- 
lary |621 as explained in Subsection 16.21 that either zq vanishes or 



(96) zo{s, t) = "(")'^"(e(t) + R{s, t)) 

for s > So 3> 1. Here e{t) is an eigenvector corresponding to the eigenvalue fi < oi 
the asymptotic operator Ap, represented in the trivializing frame {61,62} for ^|p. 
The functions a and R satisfy (|48l) . 

The homotopy class of t 1— ei{xo{Tot)) is f3u. We must have fi < S. In fact, 
if /i > (5 then wind(e) ~ {fi, jSu) > {v^°^,j3u) = 2. Using Lemma 16.81 we have 
1 = windoo(u) = wind(e) > 2. This is absurd. 

Lemma 6.18. Each f{-,T) is a fast finite- energy plane. 

Proof. We can write 

wr{s,t) ^ F{S,T,v{t){S,T)) 



DsFiS, T, av{T){S, T))da 



v{T)iS,T) 
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where VT{e^''("+'*^) = e2'^(^+'^). If Zr{s,t) is as defined in ([94]) then 

\Zris,t) - ZoiS,T)\ < \Wris,t) - Wo{S,T)\ 

<C\v{T)iS,T)\ 

in view of dZSl), dMl) and of the definition of C\i"'\<C,n^). Also 



Dzq{{1 — a)s + aS, (1 — a)t + aT)da 



{S-s,T-t). 



Ve > 3C > such that |Dzo(s,t)| < Ce(^+')" in view of formula (|96l). Conse- 
quently 

|zo(S',T)-zo(s,t)| < C sup ef^+^n^+'^t^-")' < C'e^'' 

a6[0,l] 

in view of (|93)) . We proved 

(97) kr(s,t) - zo(s,t)| < C"e™^'^{''+^.'5}''- = C'e^' for s > 1, 
since /i + e<(5ife>0is small enough. Again by /i < (5 we estimate 

(98) \Zr{s.t)\ < \Zr{s,t) - Zo{s,t)\ + \zo{s,t)\ < C" 6^' 

for some C" > 0. ([M)) and Lemma 16.51 prove that each plane f{-,T) has non- 
degenerate asymptotics. 

We can apply Corollary 16.61 and conclude that either = or 

(99) 2,(s-T-V„t-d,) =e^4"-W'^''(e,(i) + i?,(s,i)) 

for s > So S> 1. Here Cr is the representation in the frame {61,62} of an eigen- 
vector of the asymptotic operator Ap and fir is the corresponding eigenvalue. The 
functions ckr and Rr satisfy 



lim 



\D^[ar{s) - flr]\ + SUp\D^Rr{s,t)\ 



— Vj and 7. 



It follows from Lemma |6^ that windoo(/(-, t)) — {jsr^liu). (|99l) and (l98l) imply 
jlr < 5. Thus, by our choice of S in (I57|) . we have windoo(/(-, t)) ~ {fir,f3u) < 1. 
Lemma [3.191 proves windoo(/(-, t)) = 1. □ 

6.3.8. Further consequences of the asymptotic analysis. Fix t ^ U and ^ in the 
kernel of DH{v{t)). We can write 

H{v{t)) = Jodv{T) - dv{T)Jo + [C + Wr]v{T) = 

DH{0)C = Jo^C - dCJo + CC = 

for suitable C'~^ function Wr{z). As a consequence of the definition of the space 





Clj°''\C,R'^) and of §6^ we have 



lim sup e~^''\D^Wr{s,t)\ = VI7I </-! 

where Wt(s,<) = WV (6^'^'^+**') , for some d > 0. Since we chose I > 4, these 
estimates and Lemma 16.131 allow us to apply Theorem 16 . 1 1 and find that either v{t) 
vanishes identically or 

v{T){s,t) ^ e^^'o^^^^'^^^eit) + R{s,t)) 
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for s > So ^ 1- The functions a and R are C' and satisfy 
lim \D^[a{s) = Vj < / -3 

s— >+oo 

lim sup |L>'' i?(s, i)| =0V|7| </- 3 

where 77 < is an eigenvalue of Ap and e is the representation of an eigenvector 
for r/ in the (unitary) frame {71,111}. Analogously, either C vanishes identically or 

where e is the representation of an eigenvector for fj G a{Ap) D (— oo,0) in the 
(unitary) frame {n, m}. The functions a and R satisfy 

lim \D^ [a{s) - ^] I = Vj < / - 3 

s—^-\-oo 

lim sup|L>''^(s,i)| =0 VI7I < /-3. 

The definition of the space Cq"'''(C,M^) forces rj < 6 and fj < S. 

The maps v{t) and C satisfy perturbed Cauchy-Riemann equations. By the simi- 
larity principle, they have only isolated zeros or vanish identically, see [9]. Moreover, 
each zero counts positively in the algebraic count of the intersection number with 
the zero map z 1— >■ (^,0). The above asymptotic behavior tells us that if Vt or C 
do not vanish identically then they do not vanish near 00. Standard degree theory 
implies 

< #{zeros of v{t)} = lim wind (t v{T){Re''^''*)) = wind(e(t)) 
< #{zeros of C} = lim wind (t ^ ({Re'^''^)) = wind(e(i)). 

R—f+oo 

By the choice of (5 < in (gTl) 

< wind(e(i)) = {V, M = iv, Pi) " wind(/3jv, /3n) < 1 - 1 = 

< wind(e(t)) = {f,,(iN) = in. Pi) - wind(/3jv,/3n) < 1 - 1 = 0. 

Thus v{t) and C never vanish or vanish identically. This has important conse- 
quences. The map 

G : (z, r) e C X W (z, v{t){z)) e C x B' 

is an immersion. In fact, DG{z, 0) is non-singular Vz € C since non-zero elements 
C, G kerl?i7(0) never vanish. Now fix any t € U. Applying the implicit function 
theorem and doing the same analysis centered at a given fast plane with image 
Ilr := {$(z, w(t)(z)) : z S C} we conclude that DG{z,t) is also non-singular 
Vz e C. Analogously one shows that G is 1-1. In fact, if t 7^ then 

{(z, v{t){z)) : z e C} n C X {0} = 

since v{t) has no zeros. This shows that u(t)(zi) ^ w(0)(z2) for all (zi,Z2) G C^. 
Doing the same analysis by applying the implicit function theorem centered at a 
given map fast plane with image Ilro we conclude that u(ro)(zi) ^ w(ti)(z2) for all 
(zi, Z2) e when to 7^ n. 

We proved that the map / in (pij) is an embedding. This concludes the proof of 
Lemma 16.101 We collect a useful lemma that follows from our arguments so far. 

Lemma 6.19. Let f be the map I191\) . If 6t G is such that D2f{zo,T) ■ 6t = 
for some (zo, t) Cz C x U then St = 0. 
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6.4. Completeness. First we need a particular instance of completeness which 
will be crucial in the proof of Lemma 16.241 below. 

Lemma 6.20. Let u be an embedded fast finite- energy plane satisfying fi{u) > 
3. Let f be the map liQll) constructed using the implicit function theorem. Lf the 
sequence {c„} C M \ {0} satisfies c„ — then 3t„ — >■ such that /(C,r„) = 
(c„ • u) (C) i/n > 1. 

The proof is technical but straightforward, we only sketch it here. 

Sketch of Proof. Consider the map $ in ([71)1 . Clearly we can find ti„ : C — > B' of 
class C°° such that 

(c„-u)(C) = {$(z,w„(z)):zeC} 

and w„ — > in Cj^^. It follows from windoo(cii • w) = 1 that Vn G Cq "'''(C, M^). A 
long and technical argument, again using the very particular fact that c„ • ii are 
translations of it, shows that ?;„ — > in the space 

C^'"'''(C,R2). The uniqueness 
statement in the implicit function theorem concludes the proof. □ 

The notion of a somewhere injective pseudo-holomorphic curve is well known, 
we refer the reader to [H], [13] or [55]. The following theorem is proved in [T^ . 

Theorem 6.21 (Hofer, Wysocki and Zehnder). Fix P = (x,T) e V. Ifu = {a,u) : 
C — > K X A/ is a somewhere injective finite-energy plane asymptotic to P at the 
(positive) puncture oo and u{C) D a;(R) = then u : C —> A/ \ x{M.) is a proper 
embedding. 

Lemma 6.22. Fix P = {x,T) € V. If u = {a,u) : C ^ R x M is a fast finite- 
energy plane asymptotic to P at the (positive) puncture oo and u(C) H x(R.) = 
then u : C — > M \ x(R) is a proper embedding. 

Proof. All we need to show is that ii is somewhere injective. Suppose not. In the 
appendix of [12] it is proved that there exists a somewhere injective J-holomorphic 
curve / : C — )■ M X M and a polynomial p of degree at least 2 such that u — f o p. 
This forces zeros of tt • du, contradicting wind7r(u) windoo(it) — 1 = 0. □ 

Lemma 6.23. Let P = {x,T) Cz V and suppose u = (a,it) and v = {b,v) are 
embedded fast finite-energy planes asymptotic to P at oo. Assume u(C) nx(R) — 
v{C) n x(R) = and (3^ = Pv- Then u(C) = v{C) or u{C) (1 v{C) = 0. 

The proof of the above lemma is the same as that of Theorem 4.11 in jjj. One 
only needs to check that the assumptions windoo(u) — windoo(w) = 1 and Pa = Pv 
play the exact same role as the assumption fi{u) = ij-{v) < 3 made in [12j . 

Lemma 6.24. Let u = {a,u) be an embedded fast finite- energy plane asymptotic to 
the periodic Reeb orbit P = {x,T) at the (positive) puncture oo. Suppose > 3. 
Then u(C) H R x x(R) = 0. 

Proof. It follows from winder (w) = windoo('S) — 1 = that tt • du does not vanish. 
Hence u and x only intersect transversely. Let us assume, by contradiction, that 
u{C) n x{M.) ^ %. In view of Definition 13.111 the map u has self- intersections 
and we find intersections of the planes u and c • u for c ^ 1. Here c • u denotes 
the translation of the plane u in the R-direction of R x Af by c, as explained in 
Remark 13.101 Consider, for each c > 0, the closed set 

Ac = {(z, w) e C X C : u{z) = c • u{w)} . 
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Ac can not accumulate in C x C since otherwise one could argue, using the similarity 
principle as in [26,, that u(C) = (c • ■u){C). It is not hard to show 3Ro ^ 1 such 
that 



u-'{u{C\Bii{0))) = C\BRiO) 
u\c\Br(o) ■ \ Br{0) — > Af \ x(M) is an embedding. 



(100) R>Ro 

This follows essentially from Lemma 16.51 since P is simply covered. 

It follows from (|100|) that given any e > one finds a compact K C C such 
that Ac C K X K ioi every c > e. This is so since intersections of the plane u 
with any of its translations c • u induce self-intersections of the map u. We can 
now use the homotopy invariance of intersection numbers together with positivity 
of intersections of pseudo-holomorphic maps to conclude that it intersects c • u for 
any c > 0. Let 

/ : C X Br{0) ^ R X M 
be the embedding obtained by the implicit function theorem. Choose c„ — ?► 0"'". 
By Lemma [6.201 3r„ — )• satisfying r„ 7^ and (c„ • u) (C) = /(C, r„) for n large 
enough. This is an absurd because / is 1-1 and c„ • u intersects u for every n. □ 

Lemma 6.25. Suppose u — {a,u) and v = {b,v) are embedded fast finite-energy 
planes asymptotic to the periodic Reeb orbit P = {x,T) at the (positive) puncture 
00. Suppose Pu = /3c and denote /i = ^{u) = ^{v). Suppose further that /i > 3. 
Then either u{C) Ci v{C) = % or u{C) = v{C). If u{C) = ^(C) then we find c G M 
and A, B £ C, A ^ 0, such that 

u{Az + B) = {b{z) + c, v{z)) = c ■ v{z) Vz G C. 

Proof. It is a straightforward consequence of lemmas 16.231 and 16.241 that either 
u(C)ni;(C) = or u(C) = v{C). Suppose u(C) — w(C). One finds a diffcomorphism 
: C — > C such that v = uoip since both u and v are embeddings of C into A/\a:(M). 
Let s -|- zt be a complex parameter on C and compute 

TT • {du O if) ■ (fg = TT ■ Vs 

^ —{J O v) ■ IT ■ Vt 

— —{J O U O ip) ■ -K ■ [du O if) ■ iff 

— TT • {du O ip) ■ (—iipt). 

The condition winder (u) = implies that tt • is a linear isomorphism from T^C 
to £,\u{z) for every z e C. Hence so is tt • {du o ip). We conclude from the above 
computation that ips + iipt — 0, that is, ip is a biholomorphism. It must have the 
form p{z) = Az + B. The Cauchy-Riemann equations du ■ i = (J o u) ■ du imply 
(Xo u) ■ du ■ i ^ da. We compute 

bs ^ {Xov) ■ vt 

= {X o u o p) ■ [du o p) ■ pi 

= (Xo uo ip) ■ (du o p) ■ i ■ ps 

= (da o p)) ■ pg — [ao p)g. 

Analogously, bt = {a o p)^. Hence 3c G R such that b + c~ ao p. □ 



We now complete the proof of Theorem 12.31 Let / be the C'-embedding ([9T|) 
and write f = {h,g) £Rx M. Fix tq G Sr(0). Let {;„ = be a sequence of 
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embedded fast finite-energy planes with = /i and Vn — > /(^tq) in Cj^^. We 

find {Bn,Tn) — 7> (0, To) such that w„(0) = f{Bn, Tn). By Lemma [6.25l we find c„ € R, 
A„ -)■ 1 such that (c„ • Vn){z) = f{AnZ + Bn,Tn) Vz G C since i;„(0) = g{Bn,Tn). 
Note that c„ = /i(-B„, r„) — 6„(0) = 0. The conclusion follows. 

7. Open book decompositions 

In this section we prove Theorem 12.51 Recall the families A(i7, P) in ([5]) and 
the Cj'^^-closed subfamilies Ak{H,P) defined in (fTTj) . From now on we assume the 
contact form A and the periodic orbit P satisfy the hypotheses of Theorem 12.51 

7.1. Local foliations. 

Lemma 7.1. Fix a point {r,q) gRx M . If {u,v} C Ak{{{r, q)}, P) for some k > 3 
then there exists 9 gM. such that {((e^^z) = v{z) Vz G C. 

Proof. The sets u(C) and v{C) intersect at the point q E M. Lemma [6.251 provides 
constants A e C* and B € C such that u{Az + B) ^ v{z) for aU z G C. The 
definition of A({(r, q)}, P) implies B = and A e 5^ □ 

Let i : R — >■ M be a Reeb trajectory. We denote 

(101) A,^ = A,({(0,x(i))},P) V^eR. 

It follows from Lemma [OS that x{R) n x(R) = if A^' 7^ for some t e R and 
fc > 3. In the following /^(a) denotes the open interval {a — r,a + r). 

Lemma 7.2. Suppose I is an open real interval, fc > 3 and u = {a,u) : I x C ^ 
R X M is a C^-map such that u{t, •) e A^ Vi G /. Then Vto G / 3e > such that u 
is 1-1 on Ic{U)) X C. 

Proof. By the inverse function theorem we can find p > and e > small so that 

(102) (i, z) G /e(io) X Bp{0) ^ u{t, z) G M 

is a C^-embedding onto an open set of M since wind7r(u(toi ■)) ~ and u(t, 0) = 
x(t). We now argue indirectly. Take sequences and z„,z* G C such 

that (t„,z„) 7^ (Ci-2^n) and u(i„,z„) = u(i*,z*). By lemmas I02l and [QSl we 
know that t„ = i* implies z„ = z*. Consequently we must have i„ 7^ i*. Again 
by Lemma [6.251 we find a sequence {Cn} C C \ {0} such that M(tn,Cn) = 2;(^n) 
since u(tn,C) ~ u(t*^^C) Vn. The sequence {Cn} is bounded since the compact 

sets a;(R) and x |^/e(to)^ do not intersect. Suppose liminf |^„| = 0. Then we find 

a subsequence — ^ as j — >■ -fcx). For j large enough the points (^rij , Cn^ ) 
and (tJ^^jO) are distinct points in /^(to) x Sp(0) and satisfy w(i„^. ,^„^) = i(t*^) = 
w(t* ,0). This is in contradiction to the injectivity of the map (I102p . This proves 
liminfn |Cn| > 0. After selecting a subsequence we can assume C" ~^ C* 7^ 0. 
Consequently M(to,C*) — "(^0,0) = i(to)- However, li(for) is an embedding by 
Lemma [6.221 This is a contradiction. □ 

Lemma 7.3. Suppose fc > 3 and uo G A^^. VZ > 1 3e > and a C^-map 

u (a, It) : /, (to) X C ^ R X M 

satisfying the following properties: 

(1) w(to, ■) = -So and u{t, •) G A^*^ Vt G /e(io)- 

(2) w : /e(to) X C — > M \ x(M) is aw embedding. 
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(3) Suppose Vn are embedded fast finite-energy planes asymptotic to P at oo, as 
in definition \3.11[ If Vn — > uq in Cf^^ and fi{vn) — k Vn then, for n large 
enough, one finds {An} C C\{0}, {B„} C C, C M and {tn} C M such 
that An — > 1, Bn — > 0, r„ — > 0, t„ — > to and 

u{tn, z) = (r„ • Vn) {AnZ + En) Vz G C. 

Proof. We split the proof into two steps. 

STEP 1: A C'-map u ^ {a,u) : Ie{to) x C R x Af satisfying (1) exists. 

Proof of STEP 1. Consider the C" -embedding / : C x 5^(0) R x M given by 
Theorem 12.31 such that f{-,0) = uo- We find e > smah and unique C'-curves 
T : I^{ta) Br{0) and C : h{ta) ^ C satisfying T{to) = 0, ((^o) = and 

{0,x{t))^fm,r{t))VteI,{to). 

We must have T'{to) ^ since wind^(/(-, T(to)) = 0. Write f = {h,g) gWx M 
and define 

F{r,t) / g{-,T{t)rdX. 

"'|z-C(t)l<'- 

Then F(l,io) = T — 7 and drF > 0. By the imphcit function theorem we find, 
possibly after making e smaller, a C'-function t e Ie{to) >—?' r{t) such that r(to) — 1 
and F{r{t),t) = T - 7. Define u : h{to) x C ^ R x Af by the formula 

u{t, z) = {a{t, z), u{t, z)) = f{r{t)z + C{t),T{t)). 

If e is small enough then -u is a C'-embedding. Clearly ii{t, •) e A*^ Vi € /^(io)- □ 

By Lemma 17.21 we can assume u is injective. 

STEP 2: The map u is an immersion. 

Proof of STEP 2. Suppose not. We find {z*,t*) G C x Ie{to) and a non-zero vector 
{Sz*, 6t*) eCxR such that 

Du{t*,z*) ■ {6t*,6z*) = (c,0) € R X C Tu^t'^z*) (K x M) 

We must have c 7^ since it is an immersion. Denote u{t*,-) by = {at*,Uf). 
We claim that 5t* 7^ 0. If not then R x is a (real) line in T^'ilf- The Cauchy- 
Riemann equations diif ■ i ~ J ■ duf imply that z* is a zero of tt • duf since 
J maps R X onto x Ri?. This contradicts wind7r(ut*) = 0. From now on 
we assume 6t* = 1 and denote Q{z,t) — {Qi,Q2) = {T{t)z + C{'t)iT{t))- Setting 
Q* = Q{z*, t*) = (r{t*)z* + C{t*), T(t*)) we compute 

(c,0) = Du{t*,z*) ■ 

= ^(/°Q)l(.-,f)-('5z*,l) 

(103) = DiflQ, ■ [I?igi|(..,t.) • Sz* + 7^2gi|(..,r)] 

+ • [DlQ2\i,-.,t') ■ 5Z* + ^2Q2|(..,t.)] 

= I?i/|q. • [r(r)fc* + r'{t*)z* + C{t*)] + D2f\Q^ ■ [r'it*)] 

By Theorem [23] we find C'-curves A{s) e C*, E{s) e C and a{s) e R^ defined 
on IsiO) ((5 > small), satisfying cr(0) = T{t*), A{0) = r(t*), B(0) = C(i*) and 

(at. (z) + cs, Uf {z)) = f{A{s)z + B(s), a(s)) Vz £ C. 
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We compute 

d 



(c,0) 

(104) ds 



f{Ais)z* + Bis),a{s)) 



= D,f\Q, ■ [A'{0)z* + B'm + D2f\Q^ ■ a'(0). 

Subtracting (|104l) from (|103p we obtain 

D,f\Q. ■A + D2f \q> ■ Win- a' iO)]=0 

where A = r{t*)Sz* + r'{t*)z* + C'{t*) - A'{Q)z* - B'{0). Since the images of Dif 
and of are transversal, the section 

z^D2f{z,T{t*))-y{t*)-a'm 

has a zero at z = r(t*)z* + C(<*). By Lemma [gl^ we have T'{t*) - cr'(O) = 0. We 
compute 



(0, R{x{t*))) = 4- 
(105) ^ ' V V 777 



= ^l/l(C(f), r(t*)) • C'(i*) + ^2/|(C(t*),r(f)) • T'{t*) 



and 



(c,0)= 

(106) ds 



f (Bis), am 

= -Dl/|(B(0),cr(0)) • ^'(0) + £'2/|(S(0),cr(0)) • f^'(O)- 

Subtracting (I106P from (|105p we obtain 

{-c,R{x{t*))) e image (i:)i/|((.(4.)^^(t.))) = T^^^ (^(^.jjut. 
and this is again in contradiction to winder (uf.) =0. □ 

We proved u satisfies (1) and (2). Let us write uq = (ooi'^o) and v„ — (6„,w„). 
We find T„ — >■ such that /(C, t„) = Wn(C) in view of Theorem 12. 31 Since Vn — >■ uq 
in Cl^^ there exists tn — >■ to such that i;(i„) € Wn(C) Vn. We used that x intersects 
the embedded surface uq{C) transversally at x(to)- Consequently x{tn) € Wn(C) n 
u{tn,C) and t'„(C) = u(t„,C) by Lemma 16.231 Lemma 16.251 provides {r„} C M, 
{A„} C C*, {B„} e C such that (r„ • ■D„)(A„z + B„) = u{t„, z) Vz G C. □ 



Lemma 7.4. Let / and J he two open real intervals. Fix fc > 3 and I > 1. Let 

u : / X C ^ M X A-f and V : I xC^Rx M be C' maps such that u{t, •) G A*^ Vt G / 
anrf v{t, ■) e \/t e J . If I r\ J ^ % then there exists a C' function t e I Ci J t-^ 
e{t) G R such that 

uit.z) =v{t,e'^''^^'h) 

for every {t, z) G I Ci J x C 

Proof Note that x{t) = u{t,0) = v{t,0) Wt € I CiJ. By Lemma Owe can find 
a function 9(t) defined on J H J satisfying the desired equation. It remains only 
to show that we can arrange 9 to be . By Lemma 17.21 3ri > small such that 
V : Irf{to) X C — >■ M \ x(M) is injective. Since wind7r(w(to) •)) = we can invoke the 
inverse function theorem and assume, without loss of generality, that 3p > such 
that V : Ijj{tQ) X Bp{0) — > M is an embedding onto an open neighborhood of x{to). 
If < e <C then we find C' functions a : Ie{to) — >■ Irjito) and (3 : Ie{to) — > C 
such that u{t,e) — v{a{t), (3{t)). By lemmas [6.241 and 16.231 we know that u{t,C) — 
v(t,C) Wt G hito)- Thus a{t) = t since v is 1-1 on /^(to) x C and /3(t) ^ since 
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v{t,0) = u{t,0) ^ u{t,e) and each u{t,-) is 1-1. Let 9{t) := ^arg/3(i) be a C' 
choice of argument. It follows from Lemma l7.ll that v{t,e^^'"^'^*'^ z) = u{t,z) for 
every {t, z) E Ic{to) x C. We proved 9 can be locally chosen of class C'. □ 

The following statement is an easy consequence of lemmas 17.31 and 17.41 

Lemma 7.5. Suppose I is an open real interval and I > 1. Let u = {a,u) : 
/ X C ^ M X Af be a C'- map such that u{t, ■) € Vt e I for some k > 3. Then 
yt' e I 3e> such that u : Ie{t') x C -> M \ x{R) is a C'^ -embedding. 

Later we will need the following claim. 

Claim 7.6. Suppose I and J are two open real intervals. Let {t:/xC— s-MxA/ and 
i) : JxC^Rx AI be C' maps such that u{t, ■) G A^ yt € L and v{t, •) G Vi G J. 
Suppose v{so, 0) = u{to, zq). Then there exists e > and C' functions a : /c(so) — > / 
and ( : /e(so) — > C such that /e(so) C J, a' > 0, a{so) = to, C{so) = zq and 
v{s,0) = u(q;(s),C(s)) Vs e Ie{so). 

Proof. By Lemma [7.51 3en > such that u : /eo(io) x C — > A/ is an embedding 
onto an open subset of Af. If e > is small enough then v {L^{sq) x {0}) C 
u(/£f,(to) X C). Hence there are unique a and C as in the statement satisfying 
v{s, 0) — u{a{s), C(s)) Vs e /e(so). The inequality a' > is trivial to check. □ 

7.2. Proof of Theorem 12.51 From now on we denote k — /i(uo) > 3 and proceed 
in three steps. 

7.2.1. Foliating M \ x{M.). The Reeb flow preserves the volume form A A dA. By 
Poincare's recurrence almost every point of Af is a recurrent point, that is, it belongs 
to its own a and uj limit sets. 

Let uq ~ (ao,Mo) be the embedded fast finite-energy plane asymptotic to P = 
(a;, T) as in Theorem 12.51 After translation in the M-direction we can assume 
uo(0) = (0,9) e {0} X M. Let a; : M — > A/ be the Reeb trajectory satisfying 
xifS) = q. As in Subsection 17. II we denote 

Aj'- = Afc({(0,i(i))},P) VtGM. 

We can reparametrize mq in order to achieve mq € Ag . In view of Lemma 17.31 we 
can assume, without loss of generality, that g is a recurrent point. We will prove 

Lemma 7.7. There exists L > 0, S > and a C' map 

u = (a, u) : (-(5, L + (5) x C ^ M x Af 

such that 

(1) u(0, •) = uo and u{t, •) e A^ Vt G {-5, L + 6). 

(2) u(0, C) — u{L, C) and each u{t, •) : C — > A'/\a::(R) is an embedding transver- 
sal to the Reeb vector. 

(3) u : (0, L) X C M \ {uo{C) U a:(M)) is a C' orientation preserving diffeo- 
morphism. 

By Lemma rr3l 3J > and u : Ls{0)xC ^ Mx AT of class C' satisfying u(0, •) = uq 
and u{t, •) e A*-' Vt € Ls{0). In view of Lemma [6.24l we must have q ^ x(R), implying 
x{R) n i(R) = 0. We define a set 
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by requiring that t E B ii, and only if, there exists S > and a C' map u : 
{-6, t) X C ^ R X A/ such that u(0, •) = uq and u{s, •) G Vs e {-S, t). B ^ 9 hy 
our remarks so far. 

Lemma 7.8. supi? = +oo. 

Proof. We argue by contradiction and assume r = supi? < +oo. Fix an increasing 
sequence t„ — >■ t~ and fast planes -Un € Aj^ ^ We can assume, in view of the 
assumptions of Theorem I2.5[ that u„ -> w in C;"^^ for some e A^. We used 
that the compact set H — {0} x x ([0,t]) satisfies iJ n M x x(R) = 0. Applying 
Lemma 17.31 to the plane w we find 77 > and a C' map 

i = (6, u) : /^(r) X C ^ M X Af 

such that v{t,-) = w and ^(i, •) € Aj^ for every t G /t;(t)- Now we fix G 
(t ~ tIjT) (1 B and a C' map u : (—5, ti) x C — M x Af such that u(0, •) = uq and 
that u{t,-) e A( for every t G (— (5, ti). By Lemma [7.41 we can find a C' function 
6* : (t - r/, ti) ^ M such that T-rj <t<ti implies z) = w (t, e'^'^^t'^z) Vz G C. 
Fix a number < p ^ ti — T + rj and a smooth function (p e C°° (K.) such that 0=1 
on (-00, T - 77 + p) and = on {ti - p, +00). The map (<, z) i-> u (t, e«27r0(t)0(t)^^ 
defined on (t — 77, ti) x C agrees with u{t^ z) on (r — 77, r — 77 + p) x C and with 
v{t, z) on (<i — p, ti) X C. Thus it can be used to glue u and v and to provide a map 
/ : (-(5, T + 77) xC ^ MxAf satisfying /(t, •) e A^ Vt G (-^,r + ?7) and /(O,-) ee wq. 
This is a contradiction to the definition of r. □ 

The point q G uo{C) is a recurrent point. We know that x intersects uq trans- 
versely at q since wind7r(Mo) = 0. Hence 3r > such that x{t) G uo{C). By 
Lemma 17.81 we find 6 > and a C' map u : (—6, t + 5)xC^RxM such that 
u{t, •) G Aj^ G (-(5, T + (5) and u(0, •) = uq. It follows from lemmas KM\ and [g?^ 
that u{t, C) = uo(C). Consider the set 

E = {te (0,r] : u(i,C) =ito(C)}. 

It follows easily from Lemma 17.51 that 

L := infE > 

Moreover E is closed in (0,r]. In fact, let {i„} C E satisfy tn t E (0,t]. There 
exists a unique sequence {zji} C C such that x{tn) = u(tn, 0) — uo(z„) Vri. We must 
have sup„ |z„| < 00 since Mq is asymptotic to P and i ([0, r]) n x(K) = 0. Hence we 
may assume z„ — )■ z*. It follows that x{t) — u{t, 0) — Uo{z*). Thus < G in view of 
lemmas [6.241 and I6.23[ concluding the proof that E is closed. Consequently L E E. 

Lemma 7.9. u{{0,L) x C) = A/ \ (mo(C) U .x(M)). 

Proof. Set U :— M \ (uo(C) U a;(M)). Clearly Z// is open and connected. It follows 
from lemmas [6.241 and 16.231 and from the definition of L that m((0,L) x C) C Z^. 
We claim u ((0, L) x C) is closed in U. In fact, suppose the sequence j/„ satisfies 
V773t„ G (0, L) such that yn E u(i„,C) and Hn ^ y for some y ElA. One finds a 
unique sequence Bn E C such that M(t„, B„) = y„. 

Let W be a S'^-invariant neighborhood of the (discrete) set of S'^-orbits 

{c G C°°(S'\ A/) : 3P = (5, f ) G V* such that c G P and f < T} 
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We can assume no connected component of W contains loops in distinct classes of 
C°°{S^, M) I . Let W_p be the component containing the class P. We can assume, 
without loss of generality, that c G Wp => c(5'^) n {?/„} = 0. 

Consider the cylinders Zt(s,i9) := u{t,e^''^'^'''^^) for t e [0, L] and set sq = 
(27r)~^ log 2. The definition of implies that 

(1) /{,},si^t*^^^-7Vte [0,L], Vs>so. 

(2) E{Zt) = Tme [0,L]. 

(3) I[s.,+oo).s^Z*dX<jyte[0,L]. 

Applying Lemma l4.11l we find tq ^ 1 such that \z\ > ro u{t, z) ^ {y„} G [0, L]. 
It follows that sup„ \Bn\ < oo. We can assume Bn — > B for some B £ C and 
i„ t* for some t* e [0, L]. If T = then j/„ = u{tn, Bn) m(0, B) contradicting 
y ^ Mo(C). Hence t* ^ 0. Analogously t* ^ L and we have i* e (0,L). It 
follows that yn = u{tn,Bn) -> u{t*,B) and {t*,B) G (0, L) x C. We proved 
y G M ((0, L) X C). Thus u ((0, L) x C) is closed in U. That w ((0, L) x C) is open 
in U follows easily from Lemma 17.51 The proof is now complete. □ 

By the previous lemma we have u ([0, i] x C) = M \ x{M.). 
Lemma 7.10. u is 1-1 on (0,i) x C. 

Proof. Suppose (io,-Zo) 7^ (^ij-zi) are points of (0,L) x C satisfying u(to,-Zo) = 
it(ii,zi). It follows from lemmas [6.241 and 16.231 that u(to,C) = u(ti,C). In view 
of Lemma 16.221 everv u{t,-) is 1-1. Thus to = ii implies zq ~ zi. Consequently 
we may assume < to < < i. In view of Lemma 17.51 we can cover [0,L] by 
finitely many open intervals {Ik} such that u : /fe x C — > M is an embedding for 
each k. Examining the Lebesgue number of this cover we find rj > such that 
w : F x C — > A/ is an embedding whenever F is a subinterval of [0, L] of length at 
most 77. It follows that to < ti — ry. 

Fix r > very small. Applying Claim FTHl to the maps u : (to — r. L] x C ^ AI and 
u : (ti — r, L] X C — ^ M we find e > small, C' functions a : /c(ti) — > (to — r, L] and 
C : leih) C such that a' > 0, a(ti) = to and u(t,0) u(a(t),C(t)) Vt G h{ti). 
By the properties of the number 77 we must have a(t) < t — 1] yt £ Ie{ti). Now fix 
ti < 60 < ^1 + e, to < e < a(6o) and consider the set 

D = {b e (ti,L] -.Bde [e, 6-77] such that u{b, 0) G u{d, C)} . 

Clearly bo £ D since d — a{bo) works for 60 G (^1,^]- It follows easily from 
Claim [7^ that D is open in (ti,i]. 

Let B :— supZ3. We claim B <E D and B = L. In fact, take {&„} C D, bn — > B^ . 
We find dn G [e,B — rj] and z„ G C such that w(fe„,0) = w((i„,z„). Arguing as in 
the proof of Lemma [7791 we find ro ^ 1 such that \z\ > ro u(t, z) ^ i([0, L]) Vt G 
[0, L]. Thus sup |z„| < 00 since u{bn, 0) = i;(fen)- Consequently we can assume, after 
selecting a subsequence, that (i„ — d G [e,B — i]] and z„ — >■ z* G C. We conclude 
u{B,0) = u{d,z*), proving B £ D. Suppose B < L. Since D is open in (ti,L] 
we find an element of D larger than B, contradicting the definition of B. Thus 
L = supl? G D and 3d G [e,L — ry] such that u{L,0) G u(d, C). By lemmas r6.23l 
and I6.24[ we have u{d,C) = u{L,C) = m(0, C) = uo{C). This contradicts the 
definition oi L. □ 

The proof of Lemma 17.71 is complete. 
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7.2.2. Reparametrizing the foliation. We now glue the foliation 

u : {~6,L + 6) xC^Rx M 

given by Lemma l7. 71 near the ends to produce a cfosed S'^-family of planes. 

Let zo e C be defined by u(0, zq) = u{L,0). Using Claim [7^ we find e > 
small and functions a : Ie{L) ^ M, C • Ie(L) ^ C satisfying a' > 0, a{L) — 0, 
CiL) = zo and u{t,0) = u{a{t)X{t)) Vt G 

Fact: There exist r>0, L^r<c<d<L and an increasing diffeomorphism 

F:{L-r,L)^ (a(L-r),0) 
such that F{t) — a{t) on {L — r, c) and F{t) = t — L on {d, L). 

Proof of Fact. Fix < cr < a'{L). We make some a priori arguments. For fixed 
r, c and d as above, choose : M — > [0, 1] smooth such that = on (— oo, c) and 
= 1 on (d, +oo). The function G{t) := a{t){l - (j){t)) + a{t - L)0(i) satisfies the 
desired properties with t — L replaced by (T(i — L) if r > is small enough. Clearly 
G can be modified to obtain F as required. □ 

Let p{t) > be the C' function defined on {L — r, c) characterized by the identity 

[ u{a{t),-)*dX = T -J. 

"'s,(t)(c(t)) 

It follows that the C' family of (fast) finite-energy planes v{t,z) — {b{t, z),v{t, z)) 
defined on {L — r,c) x C by 

b{t, z) a{a{t),p{t)z + ({t)) - a{a{t)X{t)) 
v{t,z) ■.^u{a{t),p{t)z + (:{t)) 

satisfies v{t, ■) & \/t e [L — r, c). By Lemma FTH we find 6' : (L — r, c) — )• M of class 
C' such that w(t, e*2^''(*)z) = u{t, z) V(t, z) € (L - r, c) x C. Fix L - r < a: < y < c 
and choose C' functions t ^ A{t) e C\{0}, t ^ B{t) e C and i i-^ T(t) e M defined 
on {L — r, c) satisfying the following properties. If tpt{z) := A{t)z + B{t) then 

(1) i/,t(z) = p(<)e'2'r'^(*)2 + w{t) and T{t) = a{F{t),w{t)) if t e (L - r, a;]. 

(2) Vt(z) = z and r(t) = if i G [y, c). 

We finally define U : ^jLTL x C ^ M x M by 

{u(t,z) on [0,L - r] x C 
{-T[t)-u) (a(t),Vt(z)) on (L-r,c] X C 
u{F{t),z) on (c,i]. 

By construction U is C' since i^(t) ~ t — L near L. Each C/(i, •) is an embedded 
fast finite-energy plane asymptotic to P at the positive puncture oo. It follows that 
U satisfies (1) and (2) of Theorem^ 

7.2.3. Each page is a global surface of section. Let U = {a,u) be the map ()108p . 
We claim that Vs € R/LZ and "ip € M \ xiM) we find sequences t^ such that 
i+ — > +0O, tn ~> —oo and <t>t±{p) ^ w(s,C). 
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Let p £ M \ x{M.) be arbitrary, denote hy yo : S. ^ M he the Reeb trajectory 
satisfying yo{0) — p. We have to prove that the sets 

C+ = {s e R/LZ : u{s, C) n yo{[n, +00)) ^ 0} 

C,7 ={seM/LZ:u(s,C)nyo((-oo,n]) ^0} 

are equal to M./LZ, for every n E Z. We only prove C+ = R/LZ Vn, the arguments 
for C~ are analogous. Let be the w-limit set of p. If n x(M) = 

then we find a neighborhood O of x(M) in M such that yo(['T'7 +00)) D O — 9. 
Using Lemma 14.111 exactly as in the proof of Lemma 17.91 we find r > such that 
\z\ > r ^ u{s,z) e O Vs. It follows that yo{[n,+oo)) C u{R/LZ x 'BJO)). It 
follows easily that C+ is closed Vn. It is also open (each u(s, •) : C M \ x{R) 
is an embedding transversal to the Reeb vector) and clearly non-empty. Thus 
C+ = R/LZ Vn e Z in this case. Now suppose uj{p) Ci x{R) 7^ and fix s e M/LZ. 
Since U{s, •) is an embedded fast finie-energy plane asymptotic the the orbit P at 
the positive puncture 00 then we conclude from Lemma 16.91 that s G for every 
n € Z. The conclusion follows. 

It is proved in (17j that the Poincare return map ip : u{s, C) — )■ u(s, C) is an area- 
preserving diffeomorphism with respect to the smooth area form cj = dX\u[s,C)i for 
every s. Clearly J lo = T. They also show that i/j is conjugated to a diffeomorphism 
of the open unit disk ID preserving the measure -^dxAdy. The proof of Theorem l2.5l 
can now be completed as explained in the introduction. 

Appendix A. A geometrical characterization of the index 

For a closed interval / of length less than tt such that 27rZ n 9/ = consider the 
integer //(/) defined by 

fi{I) = 2k if 27rfc e /, 

fi{I) = 2fc + 1 if / C (27rfc, 27r(fc + 1)). 

This function can be extended to the set of all intervals of length less that tt by 

fill) = lim fill — e). 

Fix a smooth ip : [0,1] Sp(l) with = 1. Let S = -jQ(p'ip~^. To any 
Zo E C \ {0} we can associate the real number 

A(zo) := Aarg(z(i)) - arg(z(l)) - arg(z(0)) 

where z{t) solves 

— Jqz — Sz = 
z{0) = zo 

and arg is a continuous choice of argument. The interval Icp — { A(zo) : zq 7^ 0} has 
length less than tt. This follows easily from the linearity of (|109p and is explained 
in [11]. Thus either n 27rZ = or n 27rZ ^ Moreover, det[^(l) - /] = 
if, and only if, 27rZ n dl^ 7^ 0. It turns out, see [TU], that the /x-index given by 
Theorem 11.71 satisfies 

This discussion provides an extension of the /x-index to paths 1^9 ^ S*, which coin- 
cides with the extension explained in Section IH 
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Appendix B. Asymptotical analysis for Bq 
B.l. Proof of Theorem [mi 
Proof. We follow [JJ] and proceed in four steps. 

STEP 1: There exists pi £ a{LM) n (-00, 0) and a C'"^ function a : [1, +00) R 
satisfying linis_i.+oo ct{s) — /i and 

||C(s, -nmsn = e/i "W'^-IICll, •)IIl^(si) for s > 1. 

Proof of STEP 1. We write = L2(S'i,M2fe) ^^^^j abbreviate \-\^ = \\ ■ \\l^s^)- 
(•, denotes the inner-product on induced by the standard euclidean structure 
(•, •) on M?^ . If 3sq > such that |C(s, •)l2 = then the zero set oi(^{s,t) has a limit 
point in K.^ x S^. It follows from usual arguments using the similarity principle 
that C = on E+ X see [IJ. Thus we assume |C(s, Ola 7^ Vs > 0. Define 

:=C(s,0IC(s,-)l2~' and 
(110) a(5) := {-J,^,is,.)-Sis,-)as,-)Ais,-))2^{-.Mt-SC,02- 

It is not hard to see that 

(HI) |C(s,.)l2 = e/>W''^|C(l,-)l2 

for s > 1, and that ^ satisfies 

(112) 6 - (Lat - a + e)$ 

where e{s,t) :— N{t) — S{s,t) and Lat = —Jodt — ^(i)- By our assumptions we 
have estimates |(eC,Cs)2l ^ ol*) ICsIa and |(es^,^)2l < o(s) for some o(s) — as 
s — > -t-00. Since (^8,^)2 = ^ and i^r is self-adjoint we obtain 

(113) a' = 2 le.l^ - (eC,6)2 + + (^^^,02 > 2 I6I2 [I6I2 - o{s)] - o(s). 
We claim a(s) has a limit as s — +00. To see this define 

A = lim inf s-i.-(-oo Q;(s) and B = lim sup^^_,.j3Q a{s). 

By contradiction, suppose A < B. This establishes an oscillatory behavior for a. 
By Kato's perturbation theory of unbounded self-adjoint operators with compact 
resolvent, see [32], a{LM) C M is discrete and accumulates only at ±C!0. Thus 
we find r € [A,B) \ (j{Lm) and — )■ +00 satisfying a{s'^) = r and a'(s^) < 0. 
Denote a = dist(r, a{LM)) > 0. Recall that for any (possibly unbounded, closed and 
densely defined) self-adjoint operator T on L^, if a; ^ f (T) then |l(r — a::)~^||^^ = 
dist{x, a{T)) where ||-|| is the operator norm on C {L"^)- Using this fact with Ln, 
^(s, •) and a(s) we obtain 

dist(a(s), <7{Ln)) = dist(a(s), cr(LAr))|C|2 

= d\st{a{s),a{LN))\{LN ~ a{s))~'^{LN ~ a{s))£,\2 

(114) 

<dist{a{s),a{LN))\\{LN-a{s))-^\\\{LN-a{sm2 
= ULn - a{s))^\^ 

whenever a{s) ^ (t{Li^). By pi2p and (I114p we can estimate 

(115) I6I2 >\{Ln- «(s))ei2 - > dist(a(s), a(L^v)) - o(s), 

proving that |Cs(s^,-)l2 — '^1^ il large enough. Equation (I113P implies that 
<^'{s'^) > if n is large enough, contradicting a' {s'^^) < Vn. 
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This discussion shows that lims— !.+cx) a(s) = /i exists in [—00, +00]. Equation 
(jllip proves /i < since \C{s, •)l2 bounded. One can argue similarly as before 
to prove /i > —00. Note that lim inf s_j._|_oo \S.s\2 = since, otherwise, we could use 
(|113|) to get an estimate a'{s) > 5 > 0, for s large enough, and use to prove 

|C(s, •)|2 — +00, an absurd. Pick s„ ^ cx) such that |^s(sri, •)|2 0. Then (|115[) 
proves fi e a^L^). By assumption we know that lims-i.+oo sup^ e''" |C(s, i)| = for 
some r > 0. Again proves /z < 0. □ 

In view of step 1 we can write 

(116) C(s,t)-||C(l,-)llL^(si)e^>(^)'*^^(s,i) 

where \\S,(s, •)||i2(5i) = 1 for s > 1. In the following we denote Ir{T) = [t — r,T + r] 
and (3,.(r) = /^(t) x S'\ for r > 0. 



STEP 2: For every 1 < p < 00 the functions ^ and a satisfy 



lim sup 

T— f + 00 



\i\w''PiQi{T)) + l"liy'>P(/i(r)) 



< 00. 



Proof of STEP 2. The argument relies on the elliptic estimates (|124[) for the Oq- 
operator. Equation (|112p can be rewritten as 

(117) do£. + S£, + a£, = 

where a is the function piop . Wc will prove by induction on m that 

limsup \£,\w^.p(Qi(t)) < 00 Vm < Z 

hmsup |a|Ty"'>p(/i(r)) < 00 Vm < / 

r— f+cxD 

for every 1 < p < cx). These estimates for m — Q and p = 2 follow from STEP 1 
and from |^(s, •)|2 = 1. 

Choose /? e C°°(M, [0, 1]) such that /? = 1 on [-1, 1] and /? = on M \ [-2, 2]. 
For each r £ M we define /?^(s) /3{s — r). Assume m > 1 and 1 < p < 00 are 
arbitrary. Using (|117p and (|124p we estimate 

I?Ih"".p(Qi(t)) - l^^^lw"'!'(Q2(r)) 
(119) < Cm (|ao + W"C\wp^-^:HQ2ir))) 



< c: 



The constant c'„^ > depends only on Cm from (1124^ and on the derivatives of /3 
up to order to — 1. Thus c^j is independent of ^, a and r. 

We have to distinguish two cases: m = 1 and to > 1. If to = 1 then 

H\LPiQ,(r)) < [ sup |a(s)l) IClL.(Q,(r))- 
\s>r— 2 / 

STEP 1 implies a is bounded. Since S is uniformly bounded on Q2 ('''), indepen- 
dently of r, we conclude from (|119p that 1 < p < cx) implies 

limsup < climsup|^|^,(Q^(^)) 

for some c > independent of r. The case p — 2 proves |CIw1'2((5i(t)) is bounded in 
T. By the Sobolev embedding theorem W^-^{Qi{t)) ^ Lp{Qi{t)) VI < p < 00, the 
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embedding constant being independent of t. This proves \^\lp{Qi{t)) is bounded in 
T, for every 1 < p < oo. Repeating the above argument we conclude that 

(120) SUp|^|vyi.P(Qi(r)) < OO 

r 

holds for every 1 < p < oo. As a consequence 

s and s i-^ (s, •)|ip(5.i) 

belong to LP(/i(t)), for every 1 < p < oo, their norms being bounded uniformly on 
T. Combining the case p = 2 with (|113p we have 

< CilUs, •)|i.(5i) + \Us, ■)\lhs^) + 1). 

for some C > 0. Now fix any 1 < q < oo. Recall that there is a linear embedding 
L^'(5^) ^ L'^{S^) with norm < 1. We estimate the first term. 



•)Il2(51)|^,(j^(^-|) < •)lL2<!(Si)lL'3(/i(r)) 



r + 1 



'r-1 J 

The other terms are easier. We conclude from (|120p that 

limsup |Q;|ivi,g(/j(T-)) < oo. 

r — >oo 

This proves (|118p whenever 1 < p < oo and m = 1 . 

Now fix m > 2 and assume that (jllSp holds for m — 1 and every 2 < p < oo. 
Note that, since m — 1 > 1, pointwise multiplication yields a bilinear continuous 
form 

VK™-i'P(/2(r)) X 1¥™-1'P(Q2(t)) ^ W^™"^^^'(g2(r)). 

The norm of this bilinear map in independent of r. In other words, > 

independent of r, a and ^ such that 

l"^lw""-i.p(Q2(r)) - I"Ih'™-i.p(72(t)) \^\w^-^-p{Q2{t)) ■ 

Now we argue as before to prove sup^. |CIh"" p(Qi(t)) < co whenever 2 < p < oo. 
The case 1 < p < 2 follows easily. In particular, 

sup ||I?'^^(s, •)Up(Si)|Lp(7i(r)) < OO V|7| < m, VI < p < oo. 

r 

Differentiating (|113p and arguing as before, using the linear embedding L^p{S^) — > 
L'^{S^) for p > 1, one proves 

sup |a|n/'".p(/i(T)) < for arbitrary 1 < p < oo. 

T>1 

This concludes the induction argument. □ 
STEP 2 shows that a is not only C'~^ but is also W^^^, for every 1 < p < oo. 

STEP 3: Let E = kei{LN - fi). Then 

lim distvi/1.2 ^) = 0. 
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Proof of STEP 3. Fix L > and let /„ be a sequence of closed intervals of length 
greater or equal than L satisfying inf /„ — > +cxd. We claim that 

(121) A„ := inf |es(s,-)lL2(si) ^0 

If not we can assume, after taking a subsequence, that An > 6 for some S > 0. It 
follows from estimates (I113P that a'(s) > (5 on /„ if n is large enough, for some 
6 > 0. Denoting /„ = [a„, 6„] then we obtain a{b„) > a{a„) + SL Vn, contradicting 
a{s) — >■ /i as s — > +00. This proves (|12ip . 
By STEP 2 there exists c> such that 

1^(6,-) -C(a, OIm/i/^CSI) <c\b-a\ 

if min{a, 6} > 1. Here we used that the assumption I > 3 gives us a linear em- 
bedding W'^ p{Qi{t)) C^{Qi{t)) when p > 2, the embedding constant being 
independent of t. Suppose 3sn +oo such that inin distw^-^ {£,{sn, ■)j E) > 0. 
The above estimate provides L > and closed intervals J„ of length > L such that 
infsg/^ distvi^i,2 (^(s, •), E) > e for some e > 0, and inf /„ — )■ +oo. Let r„ e /„ satisfy 
| Cs(Tn , •)|2 = infsG/„ I6(s--)l2- % (|12ip wc kuow that |6(T'n,-)l2 0. Equation 
pisp proves \{Ln — y)^{Tn, •)l2 ~^ 0. We can assume 3e G W^'^ such that 

•) - e|^i,2 

m view of the C^-bounds obtained from STEP 2 when Z > 3 and p > 2. Thus 

{Ln - M)e lim {Ln - y)i{Tn, •) = in 
proving e £ E. This contradiction concludes the argument. □ 

STEP 4: The functions ^{s,t) and a(s) satisfy 

lim sup \D'<[S,{s,t) - e{t)] \ = V|7| <l-2 



lim [a{s) - /i] = Vj < ? - 2 

for some e{t) E E. 

Proof of STEP 4. First we claim 3e e E such that 
(122) lim |^(5,.)-e|^i,. =0 

Proof of II 12 2]) . By STEP 2 we have limsup^_j,_|.oQ |^(s, OIvf^.s < c«- Again we used 
p > 2 and Z > 3. Consequently, for every sequence s„ -> +00 one finds e S W^''^, 
\e\2 = 1, and a subsequence s„^ such that limj |f(s„j, •) — e\w^.^ — 0. Fix e S VF^'^ 
obtained by taking such a limit. STEP 3 implies e £ E. 

We claim ^(s, •) — > e in W^^'^ as s — ^ +00. Let P G C{L^) denote the orthogonal 
projection onto E. Set ^ := and ry := ^|Cl2^^- We have |^(s, Ob > ^ if s is large, 
in view of STEP 3 and of |^|2 = 1. As noted in [TT], 77 satisfies 

Vs = — -11 

le|2 |e|2 

where e(s, t) = iV(i)-S'(s, t). Since 3r > such that sup^ e''^|D'^e(s, t)| ^- VI7I < ? 
as s +00, we find C > satisfying |77s|2 < Ce^^'^ for s ^ 1. Consequently we 
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estimate using Holder's inequality 



\viT-n,-)-V{Tn,-)\2< \ K-f„\ / l??^ (s, •) 1 12 (gl ) 



for every pair of sequences f„ < t„ with f„ +00. This proves lims^+00 ^7(5, •) 
exists in L^. By STEP 3 we know that \r]{s, ■) — ^{s, •)|2 — as s +00. We 
proved lini5_j.+oo ^(s, •) exists in L^. The conclusion follows. □ 

Since we have C°-convergence of ^{s,-) to e, the bounds obtained by STEP 2 
and the Arzela-Ascoli theorem show that 

C(s, •) -> e in C'~2(5\R2'^'), as s +00. 

STEP 4 follows from an easy induction argument using equations (|112l) and (jll3l) . 

□ 

Formula (ITT61) and STEP 4 imply Theorem EU □ 
B.2. Proof of Lemma [6721 

Proof. This proof can be found in [TT], however the statement can not. Fix 1 < 

p < 00 and /? G C°°(K, [0, 1]) such that /3 = 1 on [-1, 1] and /3 = on R \ [-2, 2]. 
For each r e M we define (3^{s) :— (3{s — r). Denote Qrir) — [t — r,r + r] x . 
We will prove 

(123) r^f^^'^ \X\w-^nQAr)) = Vfc > 

by induction on fc > 0. The case fc = is a direct consequence of ([SO]). Now assume 
(|123p for fc — 1 > 0. There is a semi-Fredholm estimate for the 9o-operator 

(124) I/I < ck {\dof\ 

This holds for every smooth / with compact support on Z. Here Bq = ds + Jadt- 
Using (j49|) we can estimate for t ^ 1 

(125) < Cfc (l^O (/?"^)|^.-i.p(g^(^)) + |/3"X|^._i,,(Q^(^))) 

< 4 (|-f'^-'^liv'=-i.p(Q2(T)) + l^llV''-i.p(Q2(r)) 

The constant depends only on Ck and on the derivatives of (3. By (|50p we can 
estimate 

(126) \KX\y^,k-i,p(^Q^(^^^-^ < c|^lvKfc-i.p(Q2(T)) ■ 

The constant c > depends on but is independent of r. By (|125p and (|126p we 
have an estimate 

(127) l"'^lw=.p(Qi(r)) - ^k\^\w>'-^-P{Q2iT)) 

for some constant cj^' > independent of r. The induction hypothesis proves 

(128) J?i^^'n^lw-.P(Q,M)=0. 
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Equations (|127p and (|128p complete the induction step. The conclusion now follows 
from the Sobolev embedding theorem. □ 

B.3. Proof of Lemma 

Proof. The argument can be found in section 4 of We only include it here 

because we are making a more general statement. We proceed in three steps. 

STEP 1: If X{s,t)dt = 0, Vs and < d < i then e'^''\\X{s, ■)\\l2([o,i]) as 

S — ?► +0O. 

Proof of STEP 1. We abbreviate j-jj = |1 • |1l2([o,i]) and denote by (•, •) the 
inner-product on ^^([o, 1]). Set g{s) := \ \X{s, Then 

g'{s) = {Xs,X) = {-JoXt + h,X) 



and 



g"{s) {-JoXts,X) + {-JoXt,Xs) + {hs,X) + {h,Xs) 
= 2 {~JoXt,X,) + {h„ X) + {h, Xs) 
= 2 \Xt\l + 2 {-JoXt, h) + {hs,X) + {h, -JoXt + h) 

> 2 \Xt\l ~ 2 \Xt\^ \h\, - \hs\, \X\, - \h\^ \Xt\, ~ \h\l 

C 



>2\X,\l~e[\X\l + \X,\l)--{\h\l + \h, 

Here e > is arbitrarily small, C > depends only on e, and they are both 
independent of X, h and s. Our hypotheses imply that jXjj = |^t|2- If e is small 
enough we obtain 

g"{s) > g{s) - ce-'''^ 
for some c > 0. Choose < < 2d and set L — ^^-it^i ■ Consider /(s) = 
g{s) + Le~'^'^^. We have a differential inequality /" > v'^ f . We used that < 1. 
Since /(s) — >■ as s — >■ +00 we must have g{s) < f{s) < f{so)e~'^^''~'^°\ This gives 
the desired conclusion since 1^/2 e {0,d) can be taken arbitrarily. □ 

STEP 2: If < d < i then e'^'\\X{s, ■)\\lH[o.i]) ^ as s +00. 
Proof of STEP 2. Set a(s) = X{s, T)dT and X ^ X ~ a. Then 

Xs + JoXt = h{s,t) - ( h{s,T)dT =:h. 
Jo 

By STEP 1 we have 



hnr e^'\\X{s,-)\\LHlo,i])^0 



for any < p < d. Since 



|a'(.)| = 



hs{s,T)dT 







< Ke- 



for some X > we find > such that |a(s)| < M*e . We now estimate 



e 



OIU^llo.H) < e'^ {\\Xis, -nmio,!]) + Hs)\) 0. 



□ 

STEP 3: If < d < i then e'^'\\D^X{s, •)||l2([o,i1) ^ as s ^ +cx3 for any 7. 
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Proof of STEP 3. Fix 7. Wc have equations 

dsD^X + JodtD'^X = D''h =: 

and supt e'*'' — >• as s — >■ +cxi, for any /?. The conclusion follows from 
STEP 2. □ 

Lemma [6.31 follows from STEP 3 by the Sobolev embedding theorem, since we 
can assume, possibly after making d smaller, that < c? < i. □ 

Appendix C. Proofs of technical lemmas 

C.l. Proofs of Lemma 16. 51 and Corollary 16.61 Suppose e*"* |z(s,t)| is bounded 
for some 6 > 0. Then we can assume, possibly after making 6 > smaller, that 

(129) lim sup e^" \z{s,t)\ = 0. 

We can find a smooth S'p(l)-valued function L = L(d^ z) defined on a neighborhood 
of M/Z X such that LJ — Jf)L where J is the matrix ([M)) . Recall that z satisfies 
([55)) where 5* is given in (15^ and J(s, t) — J o w{s, t). Denote i(s, t) — Lo w{s, t). 
Then C,{s,t) := L{s,t)z{s,t) satisfies 

C + JoCt + AC = 

where 

A{s,t) = (LS - L, - JoLt) L-\ 
By Lemma we know that \D'fA{s,t)\, \D'^L{s,t)\ and |D'>'i-^(s,t)| are bounded 
V7. By (jl29|) we can estimate 

(130) lim sup e*"^ |C(s,OI = 0. 

lim supe'^'\D''C{s,t)\ = V7. 



Lemma 16.21 implies 



This proves 
(131) 

Equations (j57|) can be written as 



(131) lim sup e'"' \D'' z{s,t)\ = V7. 



T^^ 



Bz = 



for some smooth matrix B{s,t) satisfying sup |_D'''i?| < 00 V7. We used / = Tmin 
and d/ = on R/Z x 0. The exponential decay of z and its derivatives prove that 
ii h := Bz then 

lim sn]ie^'\D''h{s,t)\ = V7. 

/ ^ ^ ^ . ^ \ 

For simplicity assume Tmin = 1- Then Tq — k. Denoting A = ^ , -I we 

\0 — kt — kaj 

have As + JoAt + h = 0. Definition 13. 1 II implies supj^^i |A(s,t)| — > as s +00. 
Lemma 16.31 provides r > such that 

(132) lim supe''"|i:'^A(s,t)| =0 V7. 

Equations (|132l) and (|13ip prove ([S^ . Obviously if it has non-degenerate asymp- 
totics then (|129p is true. This completes the proof of Lemma [ 



72 



UMBERTO HRYNIEWICZ 



We now turn to the proof of Corollary 16.61 For simplicity we assume a ^ d ^ 0. 
Define Loo{t) = L{kt,0). The definition of L{s,t) and Lemma [6.51 together imply 

lim supe''' \D''[L{s,t) - Loc{t)]\^Oyj 

for some r > 0. Again Lemma 16.51 and the definition of S{s^t) in (j59l) imply 

lim supe''''|D'^[A(s,i)- Aoo(i)]| =0V7 

where A^{e) ^ [L{ke,0)N{e) - kJoLg{ke,0)]L{ke,Q)~^ . We compute 
{—Jodt — Aoo)Loo/ — ^Jo{dtLoo)f ^ JoLocft 

— LooN Loof + Jo{dtL oo) L oo L oof 
^ Looi-J{kt,0)ft- Nf). 

This proves —Jodt — Aqo is just a representation of the asymptotic operator Ap in 
a different symplectic frame. Moreover, A{9)'^ — A{9) since L is S'p(l)-valued. 
The asymptotic behavior of A and (|130p allow us to apply Theorem 16. II to C{s,t). 
The conclusion follows immediately from the formula z{s,t) = L^^{s,t)i^(s,t) and 
from the asymptotic behavior of L(s, t). 
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